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SYNOPSIS:

This rep ort deals with tec hniques used

for handwritten c haracter recognition

with sp ecial fo cus on mathematical

expressions. These tec hniques co v er

among other things the mac hine learn-

ing topic arti�cial neural net w orks,

and the decision supp ort system topic

Ba y esian net w orks.

F urthermore, this rep ort describ es a de-

sign for a system, whic h is able to recog-

nise mathematical sym b ols, while they

are written with a digitiser, b y using

an arti�cial neural net w ork. The sys-

tem utilises a metho d, whic h can �nd

the structural relations in mathemati-

cal expressions, b y the use of detecting

o v erlapping b ounding b o xes for ev ery

sym b ol. F or error handling of the recog-

nised sym b ols, heuristic rules are used

to correct the most common errors. Fi-

nally , the recognised expression can b e

written in MathML and some unhan-

dled errors can b e highligh ted, as the

expression is parsed to c hec k if it con-

forms to our grammar for mathematical

expressions.

Due to the restricted p erio d of time,

w e ha v e not implemen ted the system.

Ho w ev er, tests ha v e b een devised to de-

termine the parameters, for the arti�-

cial neural net w ork and the structural

analysis, whic h giv es the b est results.

The tests also mak e it p ossible to con-

sider alternativ e metho ds for error han-

dling.
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Chapter 1

In tro duction

With the recen t adv ancemen ts in tablet laptops and PD As, p en input has

b ecome common. This has brough t c haracter recognition in to the reac h

of ev eryb o dy . Since mature metho ds for recognising handwritten c haracters

and ev en w ords and sen tences already exists, one should think that there

is not m uc h need for new dev elopmen t in this �eld. Ho w ev er, most of the

dev elopmen t has b een can tered around �one-dimensional� input, suc h as nat-

ural language where the relativ e size and placemen t of the input c haracters

ha v e little or no imp ortance. Since p en driv en input do es not giv e m uc h in

terms of quic k er input or greater expression p o w er, than a regular k eyb oard,

this is not where the in teresting problems lie.

P en driv en input sho ws its true strengths, where the regular computer in-

put devices suc h as k eyb oard and mouse fails. A suitable application domain

for p en driv en input is en tering and t yp esetting mathematical expressions.

The �t w o-dimensional� prop erties of mathematical expressions, where size

do es matter and p ositioning is ev erything, are hard to express using tradi-

tional input devices.

Using the mouse with a p oin t and clic k in terface, lik e Microsoft Equation

Editor, is slo w and cum b ersome with h uge men us con taining all the necessary

mathematical sym b ols and all the placemen t mo di�ers. A faster alternativ e

is using a sp ecialised language designed for expressing mathematics, suc h as

L

A

T

E

X. Although this solution pro vides faster input, it has a steep learn-

ing curv e, with tons of k eyw ords and sp ecial constructs for ev erything not

expressible through the k eys found on a normal k eyb oard.

This is where p en input comes to the rescue, it allo ws the user to input

all the sp ecial sym b ols used in mathematics as he/she w ould normally write

them on pap er. Size and relativ e placemen t are equally easy to express with

the freedom of a large dra wing surface, just as on pap er or a blac kb oard.

The reason for w an ting to write mathematical expressions on a computer

in the �rst place, is to generate some visually pleasing output and mak e it

easier to distribute. Since mathematical t yp esetting to ols ha v e b een around

for y ears this is not the main problem. Nor is the recognition of the individual

sym b ols a problem, as this problem ha v e b een solv ed man y times o v er al-

ready with v ery successful metho ds. Another reason for w an ting to recognise

mathematical expressions is to digitise old handwritten and mac hine written

scien ti�c pap ers. This w ould allo w researc hers to searc h through them, as

w ell as taking up less space. In addition, if the pap ers are on textual form,

they could b e read out loud to visually impaired b y a screen reader.

The problem is determining the meaning of the input in order to t yp eset

it. This means determining the relativ e size and p osition of eac h sym b ol

1



in the expression and enco ding this information in a w a y , so the computer

can generate the w an ted output. This is not trivial and is prone to errors,

where the system misin terprets the user's actual in tension. T o o v ercome this,

the system m ust b e able to ha v e some idea of what a viable mathematical

expression is and what is not. This is not easy either, since a computer

cannot grasp the subtleties of mathematics. This means designing some sort

of quali�ed guessing sc heme, whic h �nds out what the user's in ten tion with

the input w as. This m ust w ork ev en with noisy and wrong input, since the

c haracter recogniser is not necessarily 100% correct. The ab o v e discussion

will b e the basis for the problem analysis in Chapter 2.
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Chapter 2

Problem Analysis

In written text, only the sequence of the letters, w ords and sen tences, as w ell

as the letters themselv es, enco de information. Because of this, text is often

view ed as streams in computers, and this can b e safely done without the loss

of information. An example of this can b e seen in T able 2.1, here the w ord

�w ord� is written in three di�eren t w a ys, ho w ev er, read from left to righ t,

top to b ottom, it giv es the same w ord.

w ord w w

o o

r r

d d

T able 2.1: �w ord� written in three di�eren t sequences.

Mathematical expressions con tains information not in the sequence of

the sym b ols, but in their relativ e placemen t. This means that it cannot just

b e read sym b ol for sym b ol, left to righ t, top to b ottom. F or an example:

nX

i =1

i =
n(n + 1)

2
:

Of course this mathematical expressions can b e enco ded in a w a y suc h that it

app ears one-dimensional. A language for doing this is L

A

T

E

X. When written

in L

A

T

E

X, the ab o v e expressions lo oks lik e:

\sum_{i=1}^n i\ =\ \frac{n(n+1)}{2} .

Although it do es a great job capturing the t w o-dimensional structure of the

expression, it do es not exactly mak e it readable.

Since when dealing with information in a computer a sequen tial rep-

resen tation is often preferred. The essence of recognising a mathematical

expression m ust b e to tak e the t w o-dimensional input, con v ert it to a one-

dimensional represen tation, and �nally prett y prin t it in t w o dimensions.

These observ ations p ose a n um b er of questions, suc h as: ho w to digitise

the input, ho w to analyse the structure of the expressions, what to do with

errors, and ho w to displa y the result to the user?

Digitising user input is a hardw are problem and b est left up to hardw are

engineers, ho w ev er, there are a n um b er of o�-the-shelf items for this job. Im-

age scanners ha v e b een widely a v ailable for y ears, and p en-based computers

are seeing wider a v ailabilit y . So digitising the input is simply a matter of

buying some ready-made gadget for the job.

4



Chapter 2: Problem Analysis

Getting the mathematical expression in to the computer, ho w ev er, is only

a v ery small part of recognising it. Eac h data p oin t in the input needs to

b e iden ti�ed as part of a sym b ol, and eac h sym b ol needs to b e recognised.

There are t w o di�eren t t yp es of c haracter recognition online, see De�nition

2.0.1, and o�-line, see De�nition 2.0.2. This distinction is imp ortan t, as

online recognition mak es life somewhat easier. There is information, suc h as

p en-up and p en-do wn ev en ts, a v ailable to online recognition. This mak es it

p ossible to lo ok at en tire strok es as input and not just p oin ts. Ho w ev er, in

online recognition the input is not guaran teed to b e static. This means that

what already has b een iden ti�ed, cannot b e ensured to sta y unaltered, e.g.

a + is written in t w o steps, and migh t b e recognised as a � when only the

�rst strok e is written. Online recognition also mak es it p ossible to record

extra information ab out a strok e, suc h as sp eed and direction. All this extra

information ha v e the p oten tial of making a more accurate system, e.g. if a

p erson writes b and 6 it lo oks almost similar, then information ab out the

strok e direction and sp eed ma y help to di�eren tiate them.

De�nition 2.0.1 Online char acter r e c o gnition is wher e the char acters ar e

r e c o gnise d dynamic al ly, e.g. fr om a tablet.

De�nition 2.0.2 O�-line char acter r e c o gnition is wher e the char acters ar e

r e c o gnise d static al ly, e.g. fr om a sc anner.

When eac h sym b ol of the expression has b een recognised, there is still

the problem of deco ding the structural information in the input. This means

�nding the relations b et w een sym b ols, e.g. whether it should b e in terpreted

as ab, ab
or ab. This is done b y analysing the relativ e p osition of the sym b ols,

and enco ding it in some w ell-structured w a y .

Some sort of automatic and user assisted error correction migh t b e a

go o d idea. The automatic error correction part should catc h common errors

in the sym b ol recognition, b y using the extra information ab out the en tered

expressions structure. The user correction could simply b e to allo w the user

to c hange a recognised sym b ol from the recognised one to another, using a

graphical user in terface. This error correction pro cess could b e an iterativ e

pro cess suc h that when the system or the user c hanges something, the en tire

pro cess is run again.

The output m ust b e in a language whic h can capture a mathematical

expression's t w o-dimensional prop erties, suc h as L

A

T

E

X or MathML. This

means our represen tations can b e rendered in to prett y mathematical expres-

sions on the screen or on pap er.

Through the analysis w e ha v e iden ti�ed the follo wing sev en phases:

� Prepro cessing

� F eature extraction

P age 5 of 108



� Matc hing

� Structural analysis

� Mac hine correction

� User correction

� Output

These phases are describ ed in Figure 3.1, and in Chapter 3.

Problem De�nition

The primary problem is to automatically recognise handwriting with sp ecial

fo cus on mathematical expressions. T o solv e this problem, w e will answ er

the follo wing questions, as they are of the greatest in terest to us.

� What kind of input do es a system for recognising mathematical ex-

pressions tak e?

� Ho w can sym b ols in a mathematical expression b e recognised?

� Ho w are mathematical expressions analysed for the structural infor-

mation?

� Ho w can the system detect and correct wrongly iden ti�ed sym b ols from

the recognised expression?

� Ho w can a system for recognising mathematical expressions b e built in

mo dular and reusable w a y?

The solutions will b e used to construct a system whic h can recognise and

t yp eset a mathematical expression from handwritten input.
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Chapter 3

Phases of an Expression Recognition

System

In the problem analysis, see Chapter 2, w e disco v ered that c haracter recog-

nition of mathematical expressions in v olv es sev en phases: prepro cessing ,

feature extraction , matc hing , structural analysis , mac hine correction , user

correction , and output . Figure 3.1 illustrates ho w the phases in teract.

SCANNER
PREPROCESSING EXTRACTION

FEATURE

TABLET

MACHINE
CORRECTION

STRUCTURAL
ANALYSIS

USER CORRECTIO
N

MATCHING

OUTPUT \sum_{i=1}^{n}

Figure 3.1: Pro cesses of a c haracter recognition system.

3.1 Prepro cessing

The prepro cessing stage is where a digital represen tation of the input is

obtained. This means that this step is di�eren t for eac h c haracter recognition

metho d � Section 3.3 has more on this topic. It migh t in v olv e a simple bitmap

represen tation of the c haracters or more elab orate represen tations, suc h as

strok e direction and sp eed.

7



3.2 F eature Extraction

3.2 F eature Extraction

The metho ds used for feature extraction v ary on the input con ten t, e.g.

whether it is natural language or mathematical expressions. One common

thing is to distinguish eac h c haracter in the input, whic h is later to b e iden-

ti�ed in the c haracter recognition stage. W e will only discuss ho w to do this

for online c haracter recognition, since this is what w e fo cus on. W e ha v e

iden ti�ed three t yp es of c haracters:

1. Single strok e c haracters written without lifting the p en: a, b, c, 1, 2,

3, etc.

2. Multi strok e c haracters written in more than one strok e: f, t, A, F, + ,

etc.

3. Diacritic c haracters ha ving a diacritic or similar: å, ü, i, j, etc.

The �rst t yp e is straigh t forw ard to sample � simply tak e all pixels dra wn

b et w een a p en do wn and a p en up ev en t. Ho w ev er, since this migh t b e part

of one of the other t yp es of c haracters, its span m ust b e iden ti�ed. This is

done b y putting a b o x around it, as sho wn in Figure 3.2. The reason for

surrounding the input with this b o x is to iden tify the second t yp e of c har-

acters, the m ulti strok e c haracters. If t w o or more of these b ounding b o xes

o v erlap with some preset p ercen tage of their area, they are to b e treated as

one c haracter and com bined in to one represen tation for the c haracter recog-

nition stage. The last t yp e of c haracter, diacritic c haracters, is a bit tric kier

to handle � there seems to b e t w o w a ys of doing this. The �rst is to pad the

b ounding b o x, th us making it bigger, and then utilise the same principle as

for the m ulti strok e c haracters. The other metho d is to view the c haracter as

t w o c haracters, one for the b ottom part and one for the top. When doing so,

the next step is to substitute the t w o c haracters with one diacritic c haracter

according to their relativ e placemen t in the structural analysis stage.

When dealing with recognition of mathematical expressions, there is an

additional asp ect to the feature extraction pro cess. This is the relativ e place-

men t of c haracters to eac h other. The relativ e placemen t is vital for the

structural analysis stage in order to catc h constructions suc h as sub- and su-

p erscript. The information needed to do this v aries from metho d to metho d

� for an in-depth explanation see Chapter 5.

3.3 Matc hing

Finding a matc h means to classify a giv en input to a sp eci�c c haracter. In

general, this has to do with pattern recognition where the problem is to

construct a classi�er that maps an ob ject to a class or classi�cation lab el.
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Chapter 3: Phases of an Expression Recognition System

(a) (b)

Figure 3.2: (a) Bounding b o x around a single strok e c haracter represen ted

b y t w o pairs of (x; y) -co ordinates. (b) T w o b ounding b o xes in tersecting a

m ulti strok e c haracter.

The classi�er is a function, whic h giv en a pattern x can �nd one of n classes

c1; c2; :::; cn that x b elongs to.

The strategy for making suc h a classi�er is, b y means of sup ervised learn-

ing, to train some sort of pattern matc hing mo del. Sup ervised learning is a

mac hine learning tec hnique for making a function from some giv en training

data. Alternativ ely , unsup ervised learning is a metho d, whic h searc hes for

a matc hing pattern for some giv en input. If a matc hing pattern with a high

enough recognition rate is not found, a new mo del for this new pattern is

build, else a learning metho d tak es action for the found mo del. Unsup ervised

learning is, ho w ev er, unsuitable for c haracter recognition as the mo dels are

not lab elled. In other w ords, the mo del do es not ha v e an y reference to an y

classes, hence the mo dels cannot b e used to classify an y of the input. It is of

course p ossible to lab el the mo dels from the unsup ervised learning metho d,

this is referred to as semi-sup ervised learning. This means that ev ery class

can ha v e sev eral mo dels as reference, e.g. when a system gets a image of

the handwritten n um b er 7, it migh t already ha v e a mo del that classi�es the

n um b er 7, but this time the n um b er is written sligh tly di�eren t, so 7 gets

one more mo del that can classify it.

The most frequen tly used metho ds for classi�cation can b e split in to t w o

categories, namely structural matc hing and pattern recognition. Besides

describing some existing matc hing tec hniques, the fo cus will mainly b e on

ho w the systems need the input to b e represen ted, their abilit y to do suc-

cessful recognition, and whether the calculations are computational hea vy .

[CMU

+
96]

� Structural matc hing: �nds geometric corresp ondence b et w een t w o im-

ages using Ba y esian net w orks.[LH01 ]

� P attern recognition using neural net w ork: builds a net w ork of in ter-

connected no des and then up date w eigh ts for the connections b y a

P age 9 of 108



3.3 Matc hing

training algorithm suc h that a transfer function from the net w ork can

classify some giv en input.

3.3.1 Deformable P attern Recognition

This approac h is based on structural matc hing and uses deformable mo dels,

whic h are mo dels with the abilit y to c hange their shap es. A mo del exist for

eac h c haracter and giv en an input image, the recognition pro cess searc hes for

a matc hing mo del. The do wnside of deformable pattern recognition is that

�nding a close to optimal reference mo del is not a trivial task. There exists

metho ds used to b end the shap es of the mo dels in order to �nd the p oten tial

matc hing mo dels. T o v erify that the b est matc hing mo del has b een found,

the degree to whic h the input data mismatc hes the reference mo dels m ust

b e minimal. T o �nd the mismatc h v alues, the sum of the distance of ev ery

pixel in an input image is calculated for eac h p oten tial matc hing reference

mo del.

A ccording to [CYC98 ], examples of deformable pattern recognition sys-

tems sho w a recognition rate at around 94-98%, a substitution rate at 0-2%,

and a rejection rate at 0-4%. The recognition rate sho ws the p ercen tage of

c haracters that w ere recognised correctly b y the system. The substitution

rate is the rate of c haracters that w ere recognised incorrectly . Lastly , the

rejection rate is the p ercen tage of c haracters for whic h the system is unable

to �nd a p oten tial matc h.

F rom the high recognition rate w e can conclude that using an approac h

that utilises deformable mo dels is a p oten tial candidate for making a robust

c haracter recognition system. Ho w ev er, a do wnside of this approac h is that it

has a hea vy computational factor when doing the calculations needed to b end

the shap es. This mak es it unsuitable for its purp ose as an online c haracter

recognition system, since this system t yp e has a real-time prop ert y to ensure

that the recognition is at least as fast as the data input.[CYC98 ]

3.3.2 Arti�cial Neural Net w orks

The concept of arti�cial neural net w orks (ANN) are based on pattern recog-

nition using biological neural net w orks, where neurons transmit signals b e-

t w een one another. An ANN has some units called �hidden units� that can b e

adjusted to classify some giv en input. In order to mak e an ANN w ork prop-

erly it has to b e trained, whic h in v olv es adjusting w eigh ts on the connections

b et w een the neurons. This is done according to some training rules, whic h

also can b e accompanied with some extra features to prev en t o v ertraining of

the net w ork to some exten t. Eac h of the hidden units is, b esides b eing con-

nected to a n um b er of inputs if a t w o la y er ANN is considered, also connected

to a n um b er of output units. The user of an ANN is only concerned with the

input and output units and not the target function gained from the w eigh ts
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in the hidden units. ANNs are particular robust to noisy input data, whic h

mak es them v ery suitable for handwritten c haracter recognition, face recog-

nition, and v oice recognition. Other c haracteristics for ANNs are that long

training times m ust b e acceptable, ho w ev er, afterw ards they ha v e fairly fast

ev aluation of their input. ANNs are also quite straigh tforw ard to implemen t

and high recognition rates ab o v e 95% ha v e b een rep orted. [Mit97 ]

3.3.3 Choice of Metho ds for Matc hing

Deformable pattern recognition seems to giv e go o d results, but w e �nd it to o

computational hea vy . An ANN is the b est approac h, considering the t w o, as

it can b e trained to ha v e a go o d recognition rate, ev en with v ery noisy input.

Moreo v er, the the fact that an ANN is able to mak e quic k classi�cations

once trained also mak es them suitable for online c haracter recognition. The

dra wbac k is the training required, but w e �nd it an acceptable requiremen t.

W e will describ e ANNs more in depth in Chapter 4, as it seems as the b est

approac h for the matc hing pro cess. In fact it seems hard to impro v e the

matc hing when using ANNs. It is, ho w ev er, not �a wless, so w e will try to

mak e more correct matc hing b y fo cusing on impro ving the mac hine correction

stage.

3.4 Structural Analysis

The structural analysis phase is where the relativ e placemen t of the � no w

recognised � c haracters is made. This is a v ery imp ortan t part of a mathe-

matical expression recognition system, since the meaning of eac h c haracter

in a mathematical expression is not only its form but also its placemen t. F or

example, the c haracters a b mean t w o di�eren t things if they are read as ab
or ab.

A system called DRA CULAE [ZBC01 ] exists, whic h uses a metho d in-

v olving tree manipulation to do structural analysis. The metho d is similar

to that of a compiler. In Chapter 5, w e will in v estigate this metho d further.

3.5 Mac hine Correction

This is the step, where a c haracter recognition system attempt to mak e au-

tomated corrections to the recognised expression. This step can in v olv e an y-

thing from statisticly based metho ds to simple substitution rules. Chapter

6 has a detailed discussion of the topic.
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3.6 User Correction

In this step of the expression recognition pro cess the user v alidates and

corrects an y uncaugh t errors. In order for the user to do this, he or she m ust

b e presen ted with the temp orary output whic h the system has generated.

Then the user is giv en the p ossibilit y to exc hange c haracters as necessary

and c hange the relativ e p osition of c haracters. Ho w this will b e done in

detail is co v ered in Chapter 12.

3.7 Output

The �nal step outputs the recognised mathematical expression in some tex-

tual and graphical represen tation. T w o existing languages for doing this are

L

A

T

E

X [Lam ] and MathML [Con ]. These t w o languages are sp ecially dev el-

op ed for describing and t yp esetting mathematical expressions.
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Chapter 4

Arti�cial Neural Net w orks

ANNs are in part inspired b y biological learning systems. The brain con tains

a h uge amoun t of neurons w orking in parallel, whic h enable us to pro cess

input impulses and resp ond with appropriate actions. ANNs capture these

highly parallel computations b y b orro wing the concept of neurons. This is

not a pro ject on the biology of the h uman brain and w e will not delv e further

in to that sub ject. [Mit97 ]

An ANN is a set of neurons in terconnected in a w a y that mak es it p ossible

to classify input data in to categories. F or example, an ANN can b e utilised

to classify the steering direction for a car based on images recorded b y a video

camera. Simpli�ed, the neurons in an ANN are units that tak e a n um b er

of real-v alued inputs and pro duce a single, real-v alued output. The neurons

b eha v e lik e a function f that maps < k
on to < :

f : < k ! < ; where k > 0

A neuron's input migh t b e other neurons, and its output ma y b e input for

y et another set of neurons. Neurons not taking input from or deliv ering

output to elemen ts outside the ANN are called hidden neurons.

Figure 4.1 illustrates an ANN that con trol the steering direction of an

autonomous v ehicle. ANNs are t ypically divided in to la y ers, whic h are also

depicted in Figure 4.1. These la y ers are called net w ork units. Net w orks of

neurons are acyclic, directed graphs. The v ertices in the graph are neurons,

and the edges are connections b et w een neurons, enabling information to �o w.

Ev en though the graphs are allo w ed to con tain cycles, the v ast ma jorit y of

practical applications utilise acyclic graphs. In the terminology of ANNs, a

net w ork based on an acyclic, directed graph is called a feed-forw ard net w ork.

[Mit97]

Multi la y er ANNs are useful when trying to learn linearly non separable

patterns. F or example, the b o olean op erators OR and X OR (eXclusiv e OR)

are cause for a linearly separable pattern and a linearly non separable pat-

tern, resp ectiv ely . When training examples (return v alues from a function

that an ANN should learn) are plotted in a co ordinate system, the linear-

separation prop ert y dictates that they m ust b e separable using a straigh t

line. Otherwise the original function do es not ha v e the prop ert y . Figure 4.2

sho ws t w o sets of training examples, where the set in (a) is linearly separable

and the set in (b) is not. The X OR function from b efore corresp onds to (b) ,

hence it is linearly non separable.

The attempt to separate t w o-dimensional training examples b y a straigh t

line can b e generalised to a more precise and useful rule. T o decide whether

a learning set is linearly separable, y ou try to separate it using a n � 1

13
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units
30 output

units
4 hidden

30x32 inputs

Figure 4.1: Example of an ANN that tak es input from ev ery pixel in a 30x32

pixel image (in teger-v alues indicating ho w grey a pixel is) and outputs a

steering direction. F or example, the direction is enco ded as high v alues in

some of the output units to the left, if the car should turn left. [P om95 ]

h yp er plane in n dimensional space, where n is the n um b er of input v alues.

F or example, in 3-dimensional space y ou use a plane. If it is p ossible to

separate the set then it is linearly separable. The general rule is emphasised

in De�nition 4.0.1. [HW99 ]

De�nition 4.0.1 A le arning set is said to b e line arly sep ar able if ther e exists

a n� 1 dimensional hyp er plane that sep ar ates the set in n -dimensional sp ac e.

[HW99]

Single neurons cannot represen t linearly non separable patterns, but m ulti

la y er ANNs can. Multi la y er ANNs are further explained in Section 4.2.

[Mit97 ]

Neurons can b e either p erceptrons, linear units or sigmoid units. The

t w o kinds of neurons di�er in the w a y the input v alues are mapp ed on to a

range, i.e. their c hoice of threshold unit. T o giv e a distinct output v alue, a

p erceptron alw a ys output either the v alue 1 or � 1 using a piecewise de�ned

function, whic h mak es it non-di�eren tiable. Ho w ev er, some algorithms for

up dating w eigh ts in a m ulti la y er ANN utilises gradien t descen t searc h, and

gradien t descen t searc h only w orks on di�eren tiable functions. Sigmoid units

�ll the need for a threshold unit that is a di�eren tiable function. Using a

di�eren tiable expression, they map input v alues on to the range ]0; 1[. Section
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(a) (b)

x

x 2 x 2

x1 1

Figure 4.2: T w o sets of training examples where x1 and x2 are inputs to a

neuron. � + � indicates a p ositiv e training example, � � � indicates a negativ e.

(a) A set of linearly separable training examples. (b) The training exam-

ples cannot b e classi�ed b y an y straigh t line, hence the set is not linearly

separable. [Mit97 ]

4.1 and Section 4.2 thoroughly explain the structure of p erceptrons and

sigmoid units, resp ectiv ely . [Mit97]

When training ANNs, the P erceptron rule, the Delta Rule and the Bac k-

propagation algorithm are among the a v ailable metho ds. These three train-

ing metho ds will also b e in tro duced in the follo wing sections.

4.1 P erceptrons

One p ossible c hoice of building blo c ks for making up primitiv e units in neural

net w orks is p erceptrons. The structure of a p erceptron is depicted in Figure

4.3 � it is quite similar to a neuron. Both neurons and p erceptrons get

inputs that can reac h a certain threshold and thereb y transmit a signal.

The p erceptron has a n um b er of real v alued inputs that eac h are scaled

b y a w eigh t and summed up to a v alue. The v alue is then compared to a

threshold, giving the output of either +1 or � 1.

De�nition 4.1.1 Given inputs x1; : : : ; xn , the output o(x1; : : : ; xn ) c om-

pute d by the p er c eptr on is

o(x1; : : : ; xn ) =
�

1 if w0 + w1x1 + � � � + wnxn > 0
� 1 otherwise

When training an ANN the p erceptrons m ust learn to output the desired

v alues, whic h is done b y adjusting the w eigh ts w0 : : : wn , where the w eigh ts

w1 to wn adjust eac h of the inputs in�uence of the com bined w eigh t and � w0

is the threshold that the com bined w eigh t m ust surpass to mak e a di�erence
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in the output. There exists sev eral algorithms for the learning problem of

adjusting the w eigh ts so a p erceptron giv es the correct output to a training

example, examples of these are the p erceptron training rule and the delta

rule. [Mit97 ]

x

x2

n

0x  =1x1

w

w2

n

w1

w0

s=
n

iw x i o= 1 if s > 0
-1 otherwise

i=0

Figure 4.3: P erceptron with inputs x0 : : : xn , w eigh ts w0 : : : wn , and output

o. x0 alw a ys has the v alue 1. [Mit97]

The p erceptron rule is used to up date the w eigh t wi for a particular

input x i . T o b egin with the w eigh ts can b e c hosen randomly and as the

p erceptron is learning, they will b e mo di�ed according to the rule wi  
wi + � wi where � wi = � (t � o)x i . The w eigh t c hange � wi is calculated

from the correct target output t , the output from the p erceptron o and

the learning rate � . The learning rate is a small p ositiv e constan t. This

constan t a�ects the amoun t the w eigh ts are c hanged. The w eigh t should for

eac h training iteration con v erge to w ards a v alue that a�ects the output of

the p erceptron to b e correct. This means that for eac h iteration, the w eigh t

c hange needed has b ecome smaller and th us the learning rate � is often set to

decrease for eac h iteration. The p erceptron rule mak es the w eigh ts con v erge

against v alues whic h mak es the output correct, ho w ev er, this is not alw a ys

the case if the learning set is not linearly separable as explained in the �rst

part of this c hapter.

The delta rule is made to o v ercome the problem of con v erging when the

learning set is not linearly separable. The idea of the delta rule is to �nd the

b est w eigh ts b y searc hing the h yp othesis space of p ossible w eigh t v ectors. It

is done b y using the gradien t descen t metho d. This metho d uses an error

function for a w eigh t, whic h m ust b e minimised to �nd a go o d w eigh t v alue.

In order to minimise the result of the error function, w e appro ximate to w ards

the opp osite direction of the gradien t, as the direction of the gradien t is the

direction where the function gro ws fastest. In gradien t descen t for linear

units, the training error E( ~w) , for a v ector of w eigh ts ~w, is equiv alen t to

half the squared di�erence b et w een the target output td and the linear unit

output od , summed o v er all training examples:

E( ~w) �
1
2

X

d2 D

(td � od)2 ;
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where d is a particular training example in the set of training examples D .

The gradien t of E with resp ect to ~w is found b y computing the deriv ativ e of

E with resp ect to eac h comp onen t of the v ector ~w:

r E( ~w) =
@E
@wi

:

The direction of the steep est ascen t of E is sp eci�ed b y the gradien t, hence

to mo v e to w ards the minim um of E w e m ust mo v e to w ards the opp osite

direction of the gradien t. F or this reason, the training rule of gradien t descen t

is

wi  wi + � wi ; where � wi = � �
@E
@wi

and � is the learning rate (a p ositiv e constan t). Ho w ev er, it is ine�cien t

to deriv e the gradien t for ev ery training iteration. By deriving the partial

deriv ativ es of E with regard to ~w once and for all, w e get another � wi that

can b e calculated faster:

� wi = �
X

d2 D

(td � od)x id ;

where x id is the linear unit inputs. Please consult [Mit97], page 92, for

deriv ation details. W e in ten tionally presen ted gradien t descen t only for linear

units, since that enabled us to abstract from threshold units suc h as the

P erceptron's sign function. The outline of gradien t descen t ab o v e enables us

to understand the role of gradien t descen t in the Bac kpropagation algorithm

whic h will b e discussed in Section 4.3. [Mit97 ]

4.2 Multi La y er ANNs

Multi la y er ANNs are more sophisticated ANNs, where neurons are com bined

in la y ers. T w o topics are imp ortan t when dealing with m ulti la y er ANNs:

their structure and ho w to train them.

W e ha v e already lo ok ed at an example of a m ulti la y er net w ork, namely

Figure 4.1. When coun ting la y ers in a m ulti la y er ANN, y ou coun t la y ers

of neurons. F or example, Figure 4.1 illustrates a t w o la y er ANN. Con trary

to what y ou migh t exp ect, the �gure has not got three la y ers of neurons,

b ecause the input v alues from pixels in the picture are not neurons. In

a feed-forw ard net w ork all la y ers, except the �last� la y er, that information

passes through, are called hidden la y ers. Only the successiv e la y er sees the

output v alues of a particular la y er. [Col04 ]

Since gradien t descen t searc h is the basis for some of the training algo-

rithms kno wn for m ulti la y er ANNs, m ulti la y er ANNs are t ypically based

on sigmoid units. As men tioned earlier, this is due to fact that gradien t
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descen t searc h only w orks on di�eren tiable expressions. Sigmoid units calcu-

late an output v alue in the same w a y as a p erceptron do es but with another

threshold function:

� (y) =
1

1 + e� y ;

where y is the scalar pro duct of the w eigh ts and input v alues, b oth repre-

sen ted as v ectors. If n is the n um b er of input v alues then y , in the threshold

function, is calculated using

y = ~w � ~x =
nX

i =0

wi x i ;

where ~w is the w eigh ts represen ted as a v ector, ~x is the input v alues rep-

resen ted as a v ector, wi is a particular w eigh t, and x i is a particular input

v alue. Figure 4.4 depicts the mapping done b y a sigmoid threshold unit on to

the range ]0; 1[. [Col04 ]

0

0.5

1

Figure 4.4: Sigmoid threshold unit.

The hidden la y ers in a m ulti la y er ANN are the reason wh y w e need

a sp ecial algorithm for learning. In this case w e are dealing with a set of

neurons that ma y b e in terconnected in man y w a ys, but the P erceptron Rule

and the Delta Rule only co v er the learning pro cess of single neurons. W e need

an algorithm that propagates an error bac k through a feed-forw ard net w ork,

thereb y up dating the w eigh ts of ev ery neuron according to the particular

participation factor. The Bac kpropagation algorithm do es just that, th us it

is the topic of the follo wing section.

4.3 The Bac kpropagation Algorithm

Giv en a set of training examples, the Bac kpropagation algorithm up dates

the w eigh ts in a m ulti la y er ANN. The follo wing is tak en from [Mit97 ]. The

ANN m ust b e based on sigmoid units, since the Bac kpropagation algorithm
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utilises the deriv ativ e of the sigmoid threshold function to calculate error

terms. Consider the complete algorithm in Algorithm 1. It deplo ys sto c hastic

gradien t descen t searc h. W e will refer to its lines in the follo wing paragraphs,

where the details of the algorithm are unleashed.

Algorithm 1 The Bac kpropagation Algorithm [Mit97 ]

1: pro cedure Ba ckpr op a ga tion ( trainin g_examp les ; �; n in ; nout ; nhidden )

2: for all net w ork w eigh ts ( w ) do

3: w  small random w eigh t

4: end for

5: rep eat

6: for all h~x; ~ti in training_examples do

7: Input the instance ~x to the net w ork and compute the output

ou of ev ery unit u in the net w ork.

8: F or eac h net w ork output unit k , calculate its error term � k :

� k  ok (1 � ok)( tk � ok)
9: F or eac h hidden unit h , calculate its error term � h :

� h  oh(1 � oh)
X

k2 outputs

wkh � k

10: Up date eac h net w ork w eigh t wj i :

wj i  wj i + � wj i

where

� wj i = �� j x j i

11: end for

12: un til termination condition is met

13: end pro cedure

The Bac kpropagation algorithm presen ted in Algorithm 1 is limited in

the w a y that it only applies to la y ered feed-forw ard net w orks con taining t w o

la y ers of sigmoid units. In addition, all units at eac h la y er m ust b e connected

to all units from the preceding la y er. Despite its limitations, Algorithm 1 is

still useful to us due to the fact that a t w o la y er ANN, where the la y ers are

connected in the sp eci�ed w a y , are able to learn v ery complex functions.

Line 1 declares the Bac kpropagation pro cedure that tak es �v e argumen ts:

a set of training examples ( training_examples ), the learning rate ( � ), the

n um b er of net w ork inputs ( n in ), the n um b er of hidden units ( nhidden ), and

the n um b er of output units ( nout ). A single training example is a pair of the

form h~x;~ti , where ~x is a v ector of net w ork input v alues, and

~t is a v ector of

net w ork output v alues.

The job p erformed b y the algorithm for a single training example is

divided in to t w o parts: propagation of input forw ard through the net w ork

and propagation of errors bac kw ard. Line 7, where the output of ev ery unit

in the net w ork is calculated with regard to the input v alues in ~x, represen ts

the forw ard propagation. Lines 8 to 10 represen t the bac kw ard propagation.
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The latter three steps tak e care of calculating the error term for ev ery output

unit, calculating the error term for ev ery hidden unit, and up dating ev ery

w eigh t in the net w ork based on the calculated error terms.

A few elemen ts in Algorithm 1 needs further explaination:

� A t ypical learning rate is in the order of size � = 0 :05.

� An in teger index is assigned to eac h net w ork no de, where a �no de� is

either an input to the net w ork or a unit in one of the t w o la y ers in the

net w ork.

� The small random w eigh ts that are c hosen for eac h net w ork w eigh t in

line 3 t ypically lie b et w een � 0:05 and 0:05.

� The input from unit i in to unit j is denoted x j i .

� The w eigh t from unit i in to unit j is denoted wj i .

Note the v ague termination condition in line 12. A user of the algorithm

simply iterates rep eatedly o v er the training examples (lines 5 to 12) un til

the net w ork p erforms acceptably w ell. It is common to iterate thousands of

times or ev en more o v er the same set of training examples.

The error surface for m ulti la y er net w orks migh t ha v e m ultiple lo cal min-

ima whic h, unfortunately , giv e rise to a con v ergence issue for the Bac k-

propagation algorithm. The next section brie�y explains the issue and the

tec hniques that can b e emplo y ed to impro v e the algorithm.

4.4 Con v ergence and Lo cal Minima

The Bac kpropagation algorithm in Algorithm 1 for training m ulti la y er ANNs

uses sto c hastic gradien t descen t searc h to con v erge to w ard either a lo cal or

a global minim um. One migh t susp ect that the Bac kpropagation algorithm

do es not w ork w ell in practice, since the n um b er of lo cal minima that the

algorithm ma y �nd are large, and there is only one global minim um. Ho w-

ev er, the algorithm tends to w ork w ell in practice. The explanation for this

is quite tangible; ev ery w eigh t corresp ond to a dimension, and when a lo cal

minim um is reac hed, with resp ect to a particular dimension, it is usually the

case that not ev ery dimension is in a lo cal minim um. The other dimensions

that are not in a lo cal minim um pro vide the gradien t descen t searc h with

routes to escap e the curren t lo cal minim um. [Mit97 ]

A v ersion of the Bac kpropagation algorithm that deplo ys true gradien t

descen t searc h do es not ha v e the abilit y to escap e from a lo cal minim um.

Rather than doing a unique w eigh t up date for ev ery w eigh t in the net w ork,

true gradien t descen t searc h calculates a shared w eigh t up date from an a v-

erage of the net w ork input v alues in the training examples. Due to this

calculation metho d, all w eigh ts share iden tical minima. [Mit97 ]

P age 20 of 108



Chapter 4: Arti�cial Neural Net w orks

Despite the fact that the Bac kpropagation algorithm w orks w ell, tec h-

niques can still b e deplo y ed to mak e the searc h for the global minim um more

accurate: [Mit97 ]

� A dding a momen tum term to the w eigh t up date rule ( � wj i ) in Al-

gorithm 1, line 10:

� wj i (n) = �� j x j i + � � wj i (n � 1) ,

where the constan t 0 � � < 1 is called the momen tum. No w, the

expression is a function, where the w eigh t up date in the n th iteration

of the rep eat-un til-lo op dep ends partially on the w eigh t up date that

happ ened in the (n � 1)th iteration. T o imagine the e�ect that the

momen tum in tro duces, try to think of the gradien t descen t searc h tra-

jectory as a ball rolling do wn an error surface. The ball's momen tum,

if signi�can t enough, carries it through lo cal minima and �at regions

where it w ould otherwise stop. Ho w ev er, to o big momen tum migh t

prev en t the ball from settling in the global minim um as in tended.

� T raining m ultiple net w orks using the same training examples but

with di�eren t random w eigh ts. The net w ork with the b est p erformance

o v er a v alidation data set can then b e selected if the training of the

net w orks results in di�eren t lo cal minima. Another approac h could b e

to k eep all the trained net w orks and classify according to the ma jorit y ,

i.e. to create a �committee� of net w orks. Optionally , their output

v alues could b e joined using an a v erage or w eigh ted a v erage.

In [Ara05 ], Shashank Araok ar presen ts a straigh tforw ard w a y to do c haracter

recognition using single la y er ANNs and statistics. The approac h serv es as an

in tro duction to the usage of ANNs and is a source of inspiration in Chapter

9 where w e design our o wn approac h. The next section examines Araok ar's

approac h.

4.5 Shashank Araok ar's Approac h

Shashank Araok ar's approac h is based on three mec hanisms: image digiti-

sation, learning, and statistical selection. First, a dra wn �gure is digitised

in to a matrix of �xed dimensions. The dimensions of the used matrices are

c hosen globally , since the learning and selection mec hanisms need to w ork

on �xed-size matrices. When training this system, only the ANN for the

training sym b ol is up dated. That is to sa y , the system has a w eigh t matrix

for ev ery sym b ol that it is able to recognise, and sup ervised learning is de-

plo y ed, b ecause the neural net w ork is told ho w it m ust classify the input. If

w e are trying to classify using the net w ork the statistical selection mec ha-

nism is applied. By doing statistical calculations on the input matrix and
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all w eigh t matrices, ev ery w eigh t matrix is assigned a score. The sym b ol

corresp onding to the matrix that w as assigned the greatest score is rep orted

as the recognition outcome. Figure 4.5 pro vides an o v erview of Araok ar's

approac h of doing c haracter recognition. The mec hanisms are examined in

the follo wing. [Ara05]

Training

Recognition

Recognized
symbol

Input
picture scaling into a

XxY matrix.

Digitization and

Correct
classification

Update the matrix corre-
sponding to the correct

classification using the input.

Calculate scores for every

The greatest score wins.
weight matrix using the input.

Figure 4.5: Character recognition using a single la y er ANN and a statistical

selection mec hanism.

4.5.1 Image Digitisation

Here w e presume that noise has b een remo v ed from the input image. If not,

a noise reduction �lter can b e inserted to deal with it, but w e will abstract

from that measure here. The image m ust con tain only a single c haracter

and only b e wide and tall enough for it to �t. Figure 4.6 illustrates the

digitisation pro cess. The �gure sho ws an arbitrarily sized image of an �A�

that is scaled do wn to �xed-size image and then con v erted to a �xed-size

matrix of binary v alues. The scaling used is nearest neigh b our and th us no

non-distinct coloured pixels app ear in the resulting image. Uniformit y in

the dimensions of the input and the stored patterns is p ossible due to this

scaling pro cess. [Ara05 ]

4.5.2 Learning

The learning mec hanism's learning algorithm and emplo y ed neural net w ork

is a simple w a y of doing c haracter recognition. The approac h do es utilise a

single la y er ANN but in a v ery simpli�ed w a y: b y storing a w eigh t matrix for

ev ery sym b ol that the system is b e able to recognise. Ev ery stored w eigh t
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0 0 0 01
0

1
00 0 1 1

0
0

1 1 1 1
1 1

0
00 0

1 1 1 10 0
1 1 1 1
1
1

1
1

0 0
0 0 0 0
0 0 0 0

Figure 4.6: Image digitisation from an arbitrarily sized picture to a �xed-size

matrix of binary v alues. [Ara05]

matrix is a single la y er ANN for a sp eci�c sym b ol, ev ery en try in the matrix

is a neuron, and the net w ork's output v alue is the recognition score. When

training the system, one m ust supply an input picture and a correct classi�-

cation, e.g. a dra wn picture of an �A� lik e in Figure 4.6 and the information

that the input m ust b e classi�ed as the sym b ol �A�. The training is then

applied to the w eigh t matrix for the correct sym b ol. [Ara05 ]

En tries in the input matrix is denoted I (i; j ) , where i sp eci�es the column

n um b er and j sp eci�es the ro w n um b er. Ho w ev er, a w eigh t matrix is not

directly up dated using the input matrix I . Another matrix M , where similar

notation for i and j applies, is calculated:

1. for i := 1 to x do

2. for j := 1 to y do

3. if I (i; j ) = 1 then

4. M (i; j ) := 1

5. else

6. M (i; j ) := � 1

Essen tially , 0 is con v erted to � 1 in all en tries. The v ariables x and y are the

�xed width and heigh t of the system's matrices, resp ectiv ely . The negativ e

v alues instead of zero es mak e sure that a stored w eigh t matrix en try is decre-

men ted in the case of a zero-v alued input matrix en try . This is imp ortan t for

the score calculation to p erform correctly in the recognition mec hanism. A

w eigh t matrix for the k th sym b ol that is recognisable is denoted Wk . Again,

notation for sp ecifying a column and a ro w is similar to that of I . Before

an y training is done, all en tries in a w eigh t matrix are initialised to zero.

The w eigh t up date is then done in this w a y:

1. for i := 1 to x do

2. for j := 1 to y do
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3. Wk(i; j ) := Wk (i; j ) + M (i; j )

Clearly , an activ e (blac k) pixel in the input picture incremen ts the corre-

sp onding w eigh t matrix en try , and the opp osite decremen ts it. Figure 4.7

sho ws three attempts to write the letter �S�. The attempts ha v e b een sub-

jected to the scaling pro cess of image digitisation. If used to train a w eigh t

matrix W0 , the attempts result in this up dated w eigh t matrix:

W0 =

0

B
B
B
B
B
B
B
B
B
B
@

1 3 3 3 3 1
3 3 � 3 � 3 � 1 � 1
3 � 1 � 3 � 3 � 3 � 3
3 3 1 � 1 � 1 � 1

� 1 3 3 3 3 3
� 3 � 3 � 3 � 3 � 3 3

3 � 3 � 3 � 1 1 3
3 3 3 3 3 1

1

C
C
C
C
C
C
C
C
C
C
A

Figure 4.7: Three attempts to write the letter �S�. [Ara05]

4.5.3 Recognition

The recognition mec hanism uses the input matrix I and all stored w eigh t

matrices. A recognition quotien t Q is calculated for ev ery w eigh t matrix

and the matrix with the greatest quotien t is found. The sym b ol that it

corresp onds to is rep orted as the recognition result, e.g. if the w eigh t matrix

for the letter �S� is assigned the greatest recognition quotien t then �S� is

the recognition result. The recognition quotien t dep ends on t w o v alues: the

candidate score  and the ideal w eigh t-mo del score � . The candidate score

 (k) for w eigh t matrix Wk is

 (k) =
xX

i =1

yX

j =1

Wk (i; j )I (i; j )

The ideal w eigh t-mo del score � (k) for w eigh t matrix Wk is calculated in this

w a y:

1. � (k) := 0
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2. for i := 1 to x do

3. for j := 1 to y do

4. if Wk (i; j ) > 0 then

5. � (k) := � (k) + Wk(i; j )

The threshold for including a w eigh t matrix en try in the calculation of the

ideal w eigh t-mo del score is zero, hence w eigh t matrix en tries m ust b e decre-

men ted if they do not matc h a particular pixel in a training example. No w,

the recognition quotien t Q(k) for w eigh t matrix Wk is the prop ortion b e-

t w een the candidate score and the ideal w eigh t-mo del score:

Q(k) =
 (k)
� (k)

The v alue of Q(k) is only used when Q(k) � 0, and then Q(k) m ust lie

b et w een 0 and 1. This is due to the fact that � (k) �  (k) . If eac h v alue in

the w eigh t matrix, Wk , ma y b e used only once, the greatest v alue for � (k) is

ac hiev ed b y summing up all the p ositiv e en tries. Calculating  (k) is similar

� v alues from the w eigh t matrix Wk ma y only b e used one time. Ho w ev er,

the input matrix I , con taining only binary v alues, decides whic h v alues in

Wk to add up. These v alues migh t b e a mix of negativ e and p ositiv e v alues.

In the case that no p ositiv e en tries in the w eigh t matrix M exist, the fraction

yields an unde�ned v alue due to division b y zero.

Aside from just pic king the w eigh t matrix with the greatest recognition

quotien t and returning the corresp onding sym b ol as result, a recognition

threshold is in tro duced. The recognition threshold is some v alue of Q . If

none of the w eigh t matrices are able to giv e a recognition quotien t greater

than this threshold then the input is deemed unrecognisable. In this case,

an unrecognisable signal is returned instead of a sym b ol. [Ara05 ]

W e ha v e no w studied a v ery practical approac h for c haracter recognition.

In Chapter 9, w e will utilise this new kno wledge and design another approac h

for c haracter recognition that uses neural net w orks more extensiv ely .

4.6 Summary

W e ha v e no w studied the building blo c ks and structural design of ANNs. In

addition, applications and usage of ANNs ha v e also b een considered. In this

pro ject, ANNs will b e used to recognise handwritten c haracters � a purp ose

they are w ell-suited for. Three kinds of building blo c ks exist, namely the

linear unit, the p erceptron, and the sigmoid unit. W e fo cused on studying

the p erceptron and the sigmoid unit, b ecause those unit t yp es are imp or-

tan t sp ecialisations of the linear unit. Alone, the units are able to imitate

all sorts of functions or put in another w a y: to learn all sorts of patterns.
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Ho w ev er, the represen tational p o w er gets far greater when the units are com-

bined in a net w ork, esp ecially in a m ulti la y er net w ork. T w o rules exist for

training of single units, namely the p erceptron rule and the delta rule. W e

fo cused on examining the delta rule, since it in tro duces the gradien t descen t

searc h metho d. The gradien t descen t searc h metho d is imp ortan t, b ecause

it forms the foundation for the Bac kpropagation algorithm that can b e used

for training m ulti la y er ANNs. The presen ted Bac kpropagation algorithm is,

ho w ev er, limited to training of t w o la y er feed-forw ard net w orks. That p oses

no problem, as a t w o la y er feed-forw ard net w ork has a v ery high represen-

tational p o w er, and the training algorithm can b e generalised to w ork on a

more complex structure if needed.

The topic of the next c hapter is ho w to detect the c haracters' relativ e

placemen t to eac h other.
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Chapter 5

Structural Analysis with T rees

DRA CULAE [ZBC01 ] is a system for structuring mathematical expressions

according to the c haracters' relativ e p osition. All pro cessing in DRA CU-

LAE is p erformed using tree manipulations. This approac h is used b ecause

the la y out and syn tax of mathematical expressions is hierarc hical and there-

fore easily expressed using trees. The DRA CULAE metho d tak es the input

c haracters and mak es linear structures called baselines.

A baseline is a linear horizon tal arrangemen t of sym b ols, in tended to b e

p erceiv ed as adjacen t. F or example in the expression 23 + 4 there are t w o

baselines, one con tains the sym b ols 2 + 4 and the other con tains 3.

The next step DRA CULAE tak es is organising these baselines in to a

Baseline Structure T ree (BST). This forms the basis for the subsequen t,

BST-analysis. The BST-analysis is divided in to three passes. First, the

La y out P ass builds the initial Baseline Structure T ree. Next, the Lexical

P ass groups and lab els comp ound sym b ols (e.g., sin ) and structure sym b ols

(e.g. fraction lines). Finally , the Expression Analysis P ass analyses the

expression's op erator precedence and asso ciativit y and pro duces an op erator

tree.

This BST describ es an ordered application of op erators to op erands and

represen ts the seman tics of the mathematical expression. The tree con-

structed after the Lexical P ass can b e used to translate the expression in to

some digital format lik e MathML or L

A

T

E

X, b ecause it con tains the expres-

sions structure. The tree made after the Expression Analysis P ass describ es

the seman tics of the expression, with resp ect to a giv en grammar, and can b e

used to ev aluated the expression. An example of a mathematical expression

b eing parsed in the manner describ ed ab o v e can b e seen in Figure 5.1.

This metho d results in robust pro cessing of input, b ecause the La y out

P ass pro cesses all inputs ev en if they con tain syn tax errors or unkno wn

constructs. This giv es partial results for an y input, whic h allo ws the user to

see where the error in the en tered expression is. This is exactly the prop ert y

w e w an t for the structural analysis part of our system. W e will no w describ e

in detail ho w eac h phase in DRA CULAE w ork.

5.1 La y out P ass

Before w e describ e the La y out P ass, w e m ust in tro duce a couple of terms,

Sym b ol Classes and Baseline Structure T rees (BST).

Sym b ol Classes are as the name suggests, classes of sym b ols. The at-

tributes and class of a sym b ol giv es the necessary information used to build
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Figure 5.1: An example of an expression b eing parsed in DRA CULAE. (A)

The input to the system. (B) After the La y out P ass has built the Baseline

Structure T ree. (C) The Lexical P ass has group ed comp ound and structure

sym b ols. (D) The Expression Analysis has built an expression tree. (E) The

result is L

A

T

E

Xrepresen ting the input. [ZBC01 ]

the BST. A Sym b ol Class has the follo wing attributes: cen troid and thresh-

old ratio.

The cen troid of a sym b ol is a p oin t used to reference a sym b ol's w eigh ted

cen tre. The sym b ol is collapsed to a single p oin t, its cen troid. This single

p oin t mak es it easier to analyse a sym b ol's relativ e p osition. The cen troid

consists of a x -co ordinate and a y -co ordinate, whic h describ es its lo cation.

The x -co ordinate is alw a ys the cen tre of the b ounding b o x around the sym-

b ol. The y -co ordinate dep ends on ho w the �mass� of a sym b ol is placed. F or

example if the c haracters �b� and �y� are p erceiv ed as rectangular b o xes that

co v ers the whole c haracters. Then when these t w o c haracters are written, the

b o x of �b� will t ypically b e placed higher than the b o x of �y�, ev en though

they are written on the same line. The cen troid of �b� m ust therefore b e

placed lo w er than the cen troid of �y�, the system can then use the cen troid

to determine if the t w o sym b ols are to b e placed on the same baseline.

The thresholds of a sym b ol are used to de�ne regions around the sym b ol.

These regions can then b e used to determine where other sym b ols ma y b e
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placed relativ ely . The cen troid and the thresholds are shared b y sym b ols of

the same sym b ol class. F or di�eren t classes, the regions around the sym b ols

di�er greatly . As an example the c haracter �y� has a bigger area where a

subscrib ed sym b ol can b e placed than the c haracter �A�. The di�eren t regions

for �A� and �y� can b e seen on Figure 5.2. If regions from t w o sym b ols o v erlap

eac h other, am biguit y can arise and sp ecial care should b e tak en to asso ciate

eac h sym b ol in these regions to righ t ones.

The Sym b ol Class are used to describ e similar sym b ols e.g. �g� and �y�

b elong to the Sym b ol Class descender and �b� and �d� b elong to ascender.

CONTAINS

BELOW

ABOVE
SUPER

SUBSC

HOR

ABOVE SUPER

HOR

ABOVE SUPER

HOR

SUBSC

BELOW SUBSC BELOW

CLASS: Descender CLASS: RootCLASS: Ascender

Figure 5.2: The c haracters �A�, �y� and �

p
�, their sym b ol classes, and ho w

they are divided in to regions. [ZBC01 ]

Baseline Structure T rees are trees whic h describ e ho w the baselines are,

relativ e to eac h other, and whic h sym b ols are in eac h baseline. They are

constructed and rebuilt according to the input. The BST con tains t w o t yp es

of no des: sym b ol no des and region no des.

A sym b ol no de represen ts a mathematical sym b ol, and stores the iden tit y

of the sym b ol, the class of the sym b ol, and the attributes of the sym b ol (e.g.

the b ounding b o x). In Figure 5.1 (B) sym b ol no des are for example �A�, � + �

and � � �.

A region no de represen ts a region whic h con tains a baseline, p ossibly with

nested baselines. The region is de�ned relativ e to the sym b ol whic h is the

paren t of this region no de. Ev ery region no de has a lab el: EXPRESSION,

ABO VE, BELO W, SUPER, CONT AINS or SUB , and this lab el equals the

name of the image region the no de represen t. This captures the relationship

b et w een the no de and its paren t sym b ol. If S is a sym b ol represen ted b y the

sym b ol no de snode and is the ro ot of a subtree in the BST. Then the c hildren

of snode are region no des represen ting image regions whic h con tain baselines

nested relativ e to S . In Figure 5.1 (B) , the sym b ol no de A is the paren t of the

region no de SUPER , and SUPER is the paren t no de of the nested baseline,

whic h con tains the sym b ol no de C . This construct represen ts the fact that

the cen troid of the c haracter � C � is lo cated in the image region SUPER of

the c haracter � A �.

A nested baseline is a baseline that is either v ertically o�set from a sym-

b ol or con tained b y a sym b ol. F or example in the expression

1
2 , the t w o

baselines con taining 1 and 2, are nested relativ e to the fraction line. When
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a region no de is the ro ot of a subtree, the c hildren of that no de are the sym-

b ols, whic h form the region's dominan t baseline. The dominan t baseline of

a mathematical expression con tains the sym b ols, whic h are not nested rela-

tiv e to an y other sym b ols in the expression. The dominan t baseline b egins

with the leftmost sym b ol of the expression, whic h is not on a nested base-

line. Figure 5.1 (B) represen ts a BST. The region no des are EXPRESSION,

SUPER, ABO VE and BELO W , the rest are sym b ol no des. The dominan t

baseline of the whole expression is � A + � � D � and the paren t

of this baseline is region no de EXPRESSION . The sym b ol � 2� is the only

sym b ol in the baseline lo cated BELO W the � � �. The � C � is the only sym b ol

of the baseline that is sup erscripted ( SUPER ) relativ e to the � A �.

The no des in the BST are arranged in lev els and an y path through the

tree encoun ters sym b ol no des and region no des in alternating order. The

ro ot of the tree is alw a ys the region no de: EXPRESSION .

After ha ving describ ed the BST and ho w sym b ols are passing on the

necessary information whic h is required to build the BST, w e will con tin ue

and lo ok at ho w the tree is built. In the La y out P ass, all the sym b ols are

tiled with regions, and all the p oin ts in these regions b elong to exactly one

sym b ol. So the cen troid of another sym b ol will b e placed in one and only

one region.

In the La y out P ass of DRA CULAE, the Baseline Structure T ree is pro-

duced from a list of sym b ols with b ounding b o xes and all the other attributes

describ ed in the section ab o v e. It starts b y iden tifying the dominan t baseline

of the expression and partitioning an y sym b ols not on the dominan t baseline

in to regions relativ e to the dominan t baseline. This pro cess is applied recur-

siv ely in the partitioned regions. Figure 5.3 sho w an example ho w the BST

is built from the input. The ma jor steps in the La y out P ass are as follo wing:

1. The initial Baseline Structure T ree consists of the ro ot EXPRESSION

no de, with a sorted list L of sym b ols as c hildren. Sym b ols are sorted b y

minX co ordinate. The image region that con tains the en tire expression

is denoted R.

2. Find the sym b ol whic h b egins the dominan t baseline in region R. This

is computed as S1 = Start (L ) . The Start function c hec ks for cases in

whic h sym b ol S1 is not the leftmost sym b ol in list L. F or example, the

limits of a � -sym b ol can b egin to the left of the � -sym b ol.

3. Find S2:::Sn , the rest of the sym b ols in the baseline that b egins with

sym b ol S1 .

4. A dd S1:::Sn , the sym b ols in the dominan t baseline in region R, to the

Baseline Structure T ree. The sym b ol no des are inserted as o�spring of

the region no de represen ting R.
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5. The sym b ols of the dominan t baseline, S1:::Sn , are used to partition

region R in to subregions. All the sym b ols in list L whic h are not a part

of the dominan t baseline are assigned to one of these subregions.

6. F or eac h nonempt y subregion found in the previous step, add a region

no de to the Baseline Structure T ree. Recursiv ely apply steps 2 to 6 to

eac h of these regions.

EXPRESSION

A    C    +          B    2          D

SUPER

C

EXPRESSION

A    +          B    2          D

EXPRESSION

C

A    +          B    2          D

SUPER

C

ABOVE BELOW

B 2

EXPRESSION

A    +                          D

SUPER

C

ABOVE BELOW

B 2

EXPRESSION

A    +                          D

SUPER

(A) (B)

(C) (D)

(E) (F)

Figure 5.3: Ho w the BST is constructed from the input. (A) is the input to

the system. (B) The initial BST. (C) After the Start function has lo cated

the leftmost sym b ol in the dominan t baseline, indicated b y the circle. Region

partitioning places the �C� in to the SUPER region of the �A�. (D) After the

next baseline sym b ol has b een lo cated. (E) The tree after the third baseline

sym b ol � � � has b een lo cated, and �2� and �B� has b een placed in the correct

regions of � � �. (F) The �nal tree, after the last t w o baseline sym b ols has

b een found. The nested baselines do not require further pro cessing as they

are single sym b ols.
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5.2 Lexical P ass

The Lexical P ass searc hes the input and lo ok for single, or groups of adjacen t

input sym b ols whic h represen t single mathematical sym b ols, m uc h lik e an

ordinary compiler will form tok ens based on the input. The sym b ol groups

can b e divided in to t w o di�eren t forms.

First w e ha v e comp ound sym b ols, these are sym b ols whic h represen t a

single mathematical sym b ol in a single baseline (e.g. decimal n um b ers, sin ,

log or = ). These can b e recognised b y searc hing a baseline for adjacen t letters

whic h form one of the kno wn function names or a decimal n um b er, and then

replacing the group of letters with a single tok en represen ting the function.

F or example if there exist a baseline � 2 + s i n 2�, the lexical analysis

will remo v e the no des � s�, � i � and � n � from the BST, and replace them with

a single no de � sin �. The resulting baseline will b e � 2 + sin 2�.

Next there are the structure sym b ols, these are groups of sym b ols that

span m ultiple baselines and imply a mathematical sym b ol b y their lo cal

structural con text (e.g. fractions and in tegral limits). Ho w fractions are

handled can b e seen in Figure 5.1 (B) and (C) . The result of the lexical pass

can b e a tree structure in whic h these mathematical sym b ols are iden ti�ed.

A tree is an excellen t to ol to do this, b ecause it mak es it easy to represen t

the hierarc hical relations.

The resulting tree con tains all the information needed to t yp eset the

expression in e.g. L

A

T

E

X or MathML.

5.3 Expression Analysis P ass

After the Lexical P ass has iden ti�ed comp ound and structure sym b ols, it is

time to do Expression Analysis. The Expression Analysis uses a grammar

for some mathematical dialect to create an op erator tree. In an op erator

tree, in ternal tree no des are op erators and leaf no des are op erands. It also

enco des all the information necessary to ev aluate the represen ted mathemat-

ical expression in the seman tics of the dialect. Lik e in the Lexical P ass, this

is done in a st yle that mimics that of an ordinary compiler, whic h uses trees.

The �rst thing to do is syn tax analysis. In syn tax analysis a con text-free

grammar, whic h sp eci�es the precedence and asso ciativit y of mathematical

op erators, are used to create an expression parse tree. This step is v ery

similar to that of the syn tax analysis in a ordinary compiler. The lexed

BST, pro duced b y the Lexical P ass, is �rst linearised in to a string and then

parsed to create the expression parse tree. The analysis returns an error if

the expression is malformed or outside the dialect recognised b y the system.

This error ma y b e used to c hange the system's view on what is has recognised,

more on this in Chapter 6. If the expression is recognised, it is passed on to

the seman tic analysis.
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Seman tic analysis consists of analysing the parsed expression to recognise

implied op erators, to analyse the t yp es of op erands, infer t yp e con v ersion

op erators, and to reorder op erands so that they precede their op erators in

the textual output of the expression analysis. This can b e done b y searc hing

for patterns in the expression parse tree and then restructure the tree with

tree transformations to add the implicit op erators and reorder the op erands.

[ZBC01 ]

The resulting op erator tree can then b e passed on to a computer alge-

bra system or ev en a compiler for a programming language, as long as the

grammar used for building the tree is complian t with the target system.
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Chapter 6

Automatic Error Correction

This c hapter will deal with detection and correction of errors in mathematical

expressions. There are generally four kinds of errors, namely:

� Lexical errors: e.g. p o orly written sym b ols.

� Syn tactic errors: e.g. expression with un balanced paren theses.

� Seman tic errors: e.g. op erator and op erand mismatc hes.

� Logical errors: calculation errors e.g. 2 + 2 = 5

The metho ds describ ed in this c hapter are in tended to �nd lexical, syn-

tactic, and seman tic errors. This means that logical errors where lexical

errors m ust b e corrected, in order to mak e the expression ev aluate correctly ,

are not co v ered. [CY01]

6.1 Error Correction with a Dictionary

A commonly used metho d for impro ving the recognition results is using a

dictionary for the language that the system recognises. This metho d v eri�es

that a w ord is recognised correctly b y the system and suggests one or more

lik ely matc hes � in case of the matc hed w ord not b eing in the dictionary .

While this is an excellen t w a y of increasing the recognition rate on natural

language input, it do es ha v e its dra wbac ks. The user migh t input w ords

whic h are not part of the curren t dictionary . Ev en w orse, the user migh t w an t

to input text in another language, whic h requires selecting a new dictionary ,

assuming ev en exist for the new language. Since there do es not exist a

dictionary of mathematical expressions, this is not a solution a v ailable to

us. Ho w ev er, in the next section w e will discuss a related metho d, whic h

instead of k eeping a dictionary of correct expressions, k eeps one of incorrect

expressions and their corresp onding correct forms.

6.2 Heuristic Error Detection and Correction

In [CY01 ], Kam-F ai Chan and Dit-Y an Y eung ha v e devised a w a y to use

simple heuristic rules for correcting the most common syn tactic and seman tic

errors during the Lexical Pass of a mathematical expression recogniser,

similar to that describ ed in Chapter 5. Chan and Y eung ha v e observ ed a

n um b er of common misin terpretations of sub expressions and devised simple

rewrite rules for correcting these. Error correction is a v ery imp ortan t part of
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their system, b ecause they use a grammar for iden tifying sym b ols' relation.

If they get a parse error they will not b e able to generate output, th us nev er

allo wing the user to correct the errors.

The solution to the ab o v e problem is simply to add some extra v ariables

to the grammar, whic h either resolv es the problem directly , or mak es parsing

the expression and then rep ort the errors to the user. An example of suc h

a rule is giv en the expression: cos= b2+ c2 �
2bc there are t w o op erands missing

one after cos, and one after � . Since this will not parse, the solution is to

in tro duce something in the grammar whic h allo ws an empt y op erand, � , and

put this where there are missing op erands: cos � = b2+ c2 � �
2bc . This allo ws the

expression to b e parsed, and then the epsilon can b e mark ed and displa y ed

as a �missing op erand�-error to the user. Another t yp e of common error

is left paren theses b eing recognised, b y the c haracter recogniser, as either

an �L� or a �C�. F or example, the expression a2 � b2 = ( a � b)(a + b) , this

migh t b e in terpreted as a2 � b2 = Ca � b)La + b) . Again Chan and Y eung

has a simple rewrite rule, when ev er the system sees an unmatc hed righ t

paren thesis, lo cate the �rst �L� or �C� left of it and substitute it with a left

paren thesis. This approac h migh t not alw a ys b e correct, but it allo ws for

the expression to b e parsed, so the user can see the result and mak e man ual

corrections.

The t w o previous examples ha v e b oth b een syn tactic errors, ho w ev er, this

approac h can also correct some seman tic errors. An example of a seman tic

correction is if the system recognises an expression suc h as: y1x . This is not

something most p eople w ould write, so ma yb e the 1 should ha v e b een a =,

so the system in terprets it as y=x. [CY01 ]

This is metho d is v ery simple, e�ectiv e, easy to implemen t and expand.

Ho w ev er, the rules are all hand made and m ust b e observ ed. If these simple

substitution rules could someho w b e mac hine generated, it w ould b e ev en

b etter. This is what w e will examine in the next section.

6.3 Ba y esian Net w orks

Ba y esian net w orks are mo dels for reasoning under uncertain t y . This can

b e used to predict what the user wrote, if the c haracter recognition metho d

misrecognises some c haracters. The basis for Ba y esian net w orks is traditional

Ba y esian probabilit y calculus and causal net w orks. The com bination of these

t w o theories yields a p o w erful to ol for reasoning under uncertain t y . This

section will describ e Ba y esian net w orks in general. Later w e will fo cus on the

idea of applying Ba y esian net w orks in order to detect misrecognised sym b ols

in a mathematical expression, generated from a c haracter recogniser.
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6.3.1 Causal Net w orks

Causal net w orks are a w a y to mo del cause and e�ect with directed acyclic

graphs. The v ertices are v ariables in causal net w orks and represen t ev en ts.

The edges are called links and represen t ho w ev en ts e�ect eac h other. This

v ery simple mo del allo ws us to reason ab out the relationship b et w een related

ev en ts. Eac h v ariable can ha v e sev eral states and if w e ha v e information

ab out the states, the v ariables are said to ha v e evidenc e . If w e are certain of

a v ariable's state it is said to b e instantiate d or that it has hard evidence.

When a certain ev en t o ccurs w e get the state of a v ariable, then the

v ariable is said to b e instan tiated. By lo oking at the w a y the graph is

connected, w e can see whic h ev en ts in�uences other ev en ts and p ossibly giv e

the other v ariables evidence. There are three di�eren t w a ys a set of ev en ts

can b e related:

� Serial connection, see Figure 6.1.

� Div erging connection, see Figure 6.2.

� Con v erging connection, see Figure 6.3.

The three w a ys will allo w information to �o w b et w een v ariables in di�er-

en t w a ys under di�eren t circumstances. When a certain con�guration allo w

for information to �o w b et w een t w o v ariables in the net w ork the receiving

v ariables is said to receiv e evidence. On the other hand, when information

cannot �o w b et w een t w o v ariables, they are said to b e d-separated.

De�nition 6.3.1 d-sep ar ation : Two distinct variables A and B in a c ausal

network ar e d-sep ar ate d if, for al l p aths b etwe en A and B, ther e is an inter-

me diate variable V (distinct fr om A and B) such that either:

� the c onne ction is serial or diver ging and V is instantiate d, or

� the c onne ction is c onver ging and neither V nor any of V's desc endants

have r e c eive d evidenc e. [JN05 ]

The simplest w a y for three v ariables to b e related is a serial connection.

This is seen on Figure 6.1. In a serial connection A and C are d-separated

if B is instan tiated.

A B C

Figure 6.1: Serial connection in a causal net w ork

The second div erging con�guration is seen on Figure 6.2. In this t yp e of

connection A and B are d-separated if C is instan tiated. Last but not least,
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BA

C

Figure 6.2: Div erging connection in a causal net w ork

A B

C

Figure 6.3: Con v erging connection in a causal net w ork

the con v erging connection, seen on Figure 6.3, here A and B are d-separated

if C do es not ha v e evidence.

Figure 6.4 sho ws an example causal net w ork, where all three t yp es of

causal relations are represen ted. D is included in a con v erging connection

together with E and A . Here the only w a y E and D is not d-separated is if

A has evidence. A is in addition included in a div erging connection together

with C and B . This means that A is d-separated from B if C is instan tiated.

C and B are also included in a serial connection together with F . C is

therefore d-separated from F if B is instan tiated. A sk eleton of a net w ork

� that is ho w v ariables are link ed � can b e learned based on data generated

from test cases [PSS93 ]. The cause and e�ect relations, represen ted b y the

directed links, can b e learned b y lo oking at whic h v ariables are conditional

indep enden t. The conditional indep endence can b e found b y an oracle, whic h

is a statistical test of conditional correlation. Causal net w orks' limitation

is that w e can only reason ab out things, where w e are certain of the giv en

evidence, in other w ords causal net w orks cannot cop e with uncertain t y , whic h

w e will remedy in the next section. [JN05 ]

6.3.2 Ba y esian Probabilit y Calculus and Causal Net w orks

When there is uncertain t y in v olv ed the causal net w orks will ha v e to b e rep-

resen ted with probabilities. A probabilit y is a n um b er b et w een 0 and 1.

The probabilit y is 1 if it is completely certain. Ba y esian probabilit y calculus

builds on the idea, that if y ou ha v e the probabilit y of t w o related ev en ts,

then w e can decide the probabilit y of one of the ev en ts happ ening giv en the

other. The probabilit y of an ev en t happ ening is written P(A) , whic h is read

as �the probabilit y of A �. F or t w o ev en ts denoted b y the v ariables A and B ,

the probabilit y of the join t ev en t AB
is denoted P(A; B ) and read as �the

probabilit y for A and B . The probabilit y of an ev en t A giv en another related

ev en t B is written as P(AjB ) , and is read as �the probabilit y for A giv en B �.
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C

BA

D E F

Figure 6.4: An example of a causal net w ork

The relation b et w een P(A; B ) and P(AjB ) can b e found in the fundamental

rule for probabilit y calculus, whic h is:

P(AjB )P(B ) = P(A; B ):

Also the join t probabilit y table P(U) for a Ba y esian net w ork o v er the

v ariables U = f A1; :::; An g can b e found b y the chain rule giv en b y:

P(U) =
nY

i =1

P(A i jpa(A i )) ;

where pa(A i ) is the set of paren ts of A i .

The probabilities for a single ev en t suc h as P(A) can b e decided either

b y guessing or b y observing the frequency of an ev en t. Calculating P(AjB )
is done with Bayes' rule :

P(AjB ) =
P(B jA)P(A)

P(B )
:

The notion of the probabilit y of A giv en B �ts nicely in to the causal

net w ork idea of cause and e�ect. When these t w o are com bined, the graph

is called a Ba y esian net w ork and can b e used to reason ab out the cause of

ev en ts ev en under uncertain t y .

De�nition 6.3.2 A Bayesian network c onsists of the fol lowing:

� A �nite set of variables,

� dir e cte d e dges b etwe en the variables such that ther e is no dir e cte d cycles

in the gr aph r epr esenting the Bayesian network, and

� mutual ly exclusive states on e ach variable with given pr ob abilities c al le d

the p otential table expr esse d as P(AjB1; :::; Bn ) wher e B1 to Bn ar e the

p ar ents of A .
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6.4 Error Handling with Ba y esian Net w orks

Using Ba y esian net w orks for error handling is based on the idea of catc hing

the surrounding con text for a sym b ol b y use of statistical information. That

is, giv en some probabilities, w e w an t to c hange our b elief of a sym b ol's

classi�cation. Th us making a b etter classi�cation as w e assume that the

sym b ol m ust �t according to its con text to b e a correct classi�cation.

In Section 6.2 w e explained a metho d, whic h utilises heuristic rules for

error detection and correction. A do wnside of this metho d is the rules ha v e

to b e listed man ually based up on examples. The though t w as that it migh t

b e p ossible to automate the pro cess of determining whether one expression

is more lik ely than another to o ccur, e.g. if w e could construct a Ba y esian

net w ork from whic h w e could tell whether an expression should b e s1n or sin .

Apart from the fact that a 1 lo oks similar to i , it also seems v ery unlik ely that

the input w ould b e s1n . Therefore, w e w an t to explore the idea of whether

it is p ossible to calculate probabilities for the relations b et w een sym b ols in

an expression. This information in this section is mainly based on the b o ok

[JN05].

6.4.1 Mark o v Chains

It is not certain that sym b ols classi�ed b y a c haracter recogniser are recog-

nised correctly . The problem is �nding p ossible misrecognised sym b ols and

correcting them. This problem is similar to the problem of reliable data

comm unication o v er a noisy c hannel. Comm unication o v er a noisy c hannel

can b e mo delled with a sp ecial form of Ba y esian Net w orks called Mark o v

Chains. A Mark o v c hain is a Ba y esian net w ork, where a serial connection

exist of n -v ariables and has a Mark o v prop ert y . That means that giv en a

v ariable k , all the v ariables 1:::k � 1 are irrelev an t for predicting k + 1 :::n . If

no v ariables in the serial connection are kno wn, the mo del is called a hidden

Markov chain .

T 1 T T T T2 3 4 5

1R R R R R2 3 4 5

Figure 6.5: Mark o v c hain represen ting �v e c haracter strings o v er a noisy

c hannel.

In comm unication o v er noisy c hannels the problem is detecting c haracters

whic h migh t b e corrupted during the transmission. This is illustrated in the

Mark o v c hain in Figure 6.5. This mo dels sho ws a �v e c haracter string sen t

o v er a noisy c hannel, where T1 ... T5 is the transmitted c haracters and R1 ... R5
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are receiv ed c haracters. The problem no w lies in determining T1 ... T5 giv en

R1 ... R5 .

The same problem exist when dealing with recognised mathematical ex-

pressions. The recognised sym b ols R1 ... Rn , where n is the length of the

expressions, m ust giv e a probabilit y of T1 ... Tn , whic h will b e the corrected

expression. This is determined from probabilities of ho w sym b ols generally

are related to eac h other. The probabilit y tables should b e obtained b y

analysing large amoun t of mathematical expressions. The v ariables p ossible

states is all the sym b ols, whic h is supp orted in a mathematical expression.

The v ariables Ti ; 1 � i � 5, in Figure 6.5 are all a�ected b y the R
v ariables equal to or less than i , e.g. calculation of P(T3) is determined

from P(T3jR1; R2; R3) . The v ertical links will help the system to reason

ab out sym b ols, whic h are lik ely to b e recognised as other sym b ols. The

horizon tal links will help reasoning ab out the relations b et w een sym b ols. If

the state of a v ariable Ri is a sym b ol, whic h only has a little c hance of b eing

misrecognised, then the horizon tal links will not in�uence the Ti v ariable

m uc h. On the other hand if the the sym b ol is lik ely to b e misrecognised,

then the horizon tal links will ha v e great in�uence on Ti .

Finding the Most Lik ely Sequence of T0:::n

The problem is as previously describ ed �nding the most lik ely sequence of

v ariables T0:::n giv en R0:::n . This is the probabilit y table:

P(T0; T1; :::; Tn jR0; R1; :::Rn ) :

In order to �nd this table the c hain rule for Ba y esian net w orks can b e used,

as describ ed in Section 6.3. When the c hain rule is applied to a Mark o v

c hain, the probabilit y table P(U) can b e calculated as follo ws:

P(U) = P(T0)
nY

i =1

P(Ti jTi � 1)
nY

j =0

P(Rj jTj ) :

F rom the join t probabilit y table P(U) it is no w p ossible to marginalised the

table, suc h that w e get the probabilit y table P(T0; T2; :::Tn jR0; R1; :::; Rn ) ,

whic h w e are in terested in �nding.

This means that in order to determine the most lik ely state for the v ari-

ables T0:::Tn in an expression, probabilities for the follo wing tables m ust b e

learn t:

� P(T0)

� P(Ri jTi )

� P(Ti jTi � 1)
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As a v ariable, Ti ; 0 � i � n , probably will ha v e a least a small in�uence

on the succeeding v ariables, it is natural to mo del them in a serial connec-

tion as done in a Mark o v c hain. Mark o v c hains simplify the problem as they

only fo cus on eac h v ariable's lo cal con text. Ho w ev er, as a sym b ol in a math-

ematical expressions mainly will b e dep endan t on more than the previous

sym b ol, w e migh t ha v e to c hange the Mark o v c hain, suc h that eac h v ariable

is a�ected b y more than the previous v ariable. There are t w o reasons for

c hanging the Mark o v c hain:

1. If a sym b ol is misrecognised and the error is not corrected from its

con text, then the follo wing sym b ols are also a�ected b y this error and

are more lik ely to b e determined incorrectly .

2. If the user man ually corrects a c haracter, then a v ariable in the serial

connection will b e instan tiated. This prev en ts the succeeding v ariables

to receiv e evidence. A link from the v ariable b efore the corrected c har-

acter to the v ariable after the corrected c haracter will allo w information

to �o w through the serial connection.

6.4.2 Mark o v Chains of n -order

A n -order Mark o v c hain is a Mark o v mo del as explained in the previous sec-

tion, except that for eac h v ariable links are added from n previous v ariables.

This means that a v ariable dep ends up on n of the previous v ariables, see

Figure 6.6.

As it cannot b e guaran teed that a certain sym b ol, represen ted b y a v ari-

able v , has con text within the previous v ariable, it migh t b e necessary to

increase the order of the Mark o v c hain. This will allo w for v to ha v e con text

with up to n v ariables, ho w ev er, as n increases v is lik ely to also b e a�ected

b y other unrelated v ariables. Finding the optimal order of a Mark o v c hain

requires an empirical test, see Section 13.7. Bene�ts with n -order Mark o v

c hains, are that errors are less lik ely to a�ect the succeeding v ariables and

that it can b e used when v ariables in the serial connection are instan tiated.

The problem remains the same as with 1-order Mark o v c hains, namely

�nding P(T1; T2; :::; Tn jR1; R2; :::; Rn ) . Ho w ev er, the new links c hange the

w a y the table is calculated from the c hain rule. F or n -order Mark o v c hains

the probabilit y table P(U) is calculated b y:

P(U) = P(T0)
n� 1Y

i =0

P(Ti jTi � 1)
xY

j = n

P(Tj jTj � 1; : : : ; Tj � n )
xY

k=0

P(Rk jTk );

where x is the number of T � variables;
and n is the order of the Markov chain:
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The problem with increasing the order of the Mark o v c hain is that P(U)
gro ws exp onen tially with the n um b er of v ariables in the expression, and also

gro ws exp onen tially with the order of the Mark o v c hain. And th us require a

large amoun t calculations.

T 1 T T T T2 3 4 5

1R R R R R2 3 4 5

Figure 6.6: Example of a second order Mark o v c hain. If for example T 2 and

T 5 w ere related, b y b eing in the same con text, the mo del w ould still not b e

able to represen t it.

6.5 P arsing A ccording to Dep endencies

This section describ es a metho d, whic h recognises natural language sen-

tences. This approac h w as made to o v ercome the problems with Mark o v

c hains, whic h restrict p ossible dep endencies to a b ounded lo cal con text. The

idea is based on constructing a parser, whic h only recognises sub-sen tences

with lo cal attac hmen ts and then recursiv ely calls itself. It is p ossible to mak e

a parser, whic h construct a dep endency tree from a sen tence. A dep endency

tree is a tree where eac h leaf is lab elled with a w ord from the sen tence and the

relations of the lea v es dep ends up on eac h other according to a dep endency

grammar. In other w ords this means that a dep endency grammar is used to

�nd lo cal relations b et w een w ords in the sen tence. A dep endency grammar

can b e describ ed in Bac kus Naur F orm (BNF), whic h is a meta-syn tax used

to express con text-free grammars. The attractiv e feature of a dep endency

tree represen tation is that it is no w p ossible to classify eac h w ord to its con-

text, unlik e the w a y it can b e done with Mark o v mo dels. The con text for

ev ery lab el of a leaf is the lab el of the leaf 's LEFT and RIGHT lea v es, as

illustrated with triangles in Figure 6.7. In order to construct the sen tence

from a tree represen tation a tree w alk can b e done as describ ed in Algorithm

2. [SP05 ]

The tree in Figure 6.7 is a dep endency tree deriv ed from the sen tence �The

king of thiev es stole a carp et�. This example sho w ho w a tree is built from

the grammatic rules, e.g. the �rst relations b et w een w ords �king�, �stole�

and �carp et� is based up on the rules

� <sen tence> ::= <sub ject><v erb><ob ject>

� <sub ject> ::= <noun>
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stole

king carpet

the aof

thieves

Figure 6.7: Dep endency tree, eac h w ord has its con text within the grey

triangles. [SP05 ]

� <ob ject> ::= <noun>

� <v erb> ::= stole

� <noun> ::= king | carp et

Algorithm 2 Recursiv e Linearisation (called with argumen t R OOT, outputs

the recognised sen tence)

1: pro cedure Linearisa tion ( leaf )

2: if leaf.LEFT 6= NIL then

3: LINEARISA TION(leaf.LEFT)

4: end if

5: sen tence = sen tence + leaf.lab el

6: if leaf.RIGHT 6= NIL then

7: LINERA TISA TION(leaf.RIGHT)

8: end if

9: end pro cedure

W e b eliev e that parsing a mathematical expression according to a dep en-

dency grammar, and then using Ba y esian net w orks for error handling should

giv e go o d results. Ho w ev er, due to time constrain ts, w e will lea v e this for

further researc h. Instead w e will fo cus on the metho d of heuristic error

detection.
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Chapter 7

In tro duction

In order to do automatic mathematical t yp esetting directly from a handwrit-

ten mathematical expression, the system m ust �rst and foremost b e able to

recognise the basic elemen ts in the expression, i.e. the individual c haracters.

There are a lot of v ery rigid metho ds for doing this, suc h as arti�cial neural

net w orks. But in order to really distinguish the individual c haracters, some

sort of con text sensitiv e parser m ust b e utilised. F or example, ho w should

the c haracter recogniser discriminate b et w een a min us-sign, � , and a strok e

, ? Ho w ev er, if the c haracters are seen in a con text the appropriate c hoice

should b e easier to mak e, e.g. 1� 2 or

1
2 . F or the system to b e usable a user

in terface is needed. Its primary role is to pro vide a w a y for the user to input

handwritten mathematical expressions, and allo w the user to giv e feedbac k

of the correctness of the resulting output.

7.1 System Criteria

In order to con trol the en tire design pro cess, w e will devise a selection of

system criteria. These system criteria aid the design pro cess of the system

b y giving a strategy for the dev elopmen t of the system, help plan ev aluation

activities, and to decide when the design is complete. The criteria will b e

prioritised to create fo cus in the design pro cess, and mak e goals that m ust b e

ful�lled through the design. Eac h criteria and its priorit y will b e describ ed

in T able 7.1 for easy an o v erview.

Correctness describ es ho w w ell the system mak es decisions based on the

users' input. W e ha v e rated this criterion b et w een imp ortan t and v ery im-

p ortan t, b ecause the system's decisions are not life critical, ho w ev er, the

system m ust not cause the user anno y ance b y making a wrong guess to o

often. This is a rather lo ose de�nition but determining a concrete v alue for

when �to o often� is anno ying w ould require a large user test, whic h w e will

not concen trate on.

E�ciency describ es ho w the system's pro cessing time is a�ected b y the

complexit y and size of the input expression. F or example,

1 + 2

is less complex than Z 0

3
f (x) dx:
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W e ha v e rated this criterion as imp ortan t, b ecause the system m ust not tak e

signi�can tly longer in pro cessing a large and complex expression v ersus a

small and simple. This is b ecause the user cannot b e exp ected to w ait more

than a certain maxim um time for his or her result no matter the complexit y

or size of the expression. Again the sp eci�c time limit for this w ould require

a user surv ey , whic h is outside our scop e.

Reliabilit y describ es ho w w ell the system adheres to its program sp eci�ca-

tion. W e ha v e rated this criterion as imp ortan t, since w e w an t our program

to act the same w a y on a giv en state and input. W e will devise tests that will

b e able to test the implemen tation in a structured w a y , w e will not stipulate

a rigid mathematical pro of for our implemen tations correctness.

In tegratable describ es ho w easy it is to in tegrate the system with a third

part y system. W e ha v e rated this criterion as v ery imp ortan t, since the sys-

tem only supp orts input of mathematical expression and not regular written

text and t yp esetting, hence the system is useless for general t yp esetting on

its o wn.

P ortable describ es ho w easy the system is to mo v e from one platform to

another. W e ha v e rated this criterion as imp ortan t, this will b e done using

p ortable libraries and platform indep enden t language constructs. W e will not

elab orate further on this as w e see it as go o d soft w are engineering practice.

Usable describ es ho w easy it is for a user to in teract with the system.

Develop ers :

In order to ful�l our in tegrateable criterion, the system's programming in-

terface m ust b e easy to use. So this is rated v ery imp ortan t. Ho w ev er, w e

do not exp ect the programming in terface to b e p erfect, since designing a

programming in terface usually is an iterativ e pro cess.

End Users :

W e ha v e rated the usable criterion for the end user as less imp ortan t. This

is b ecause our graphical user in terface is only mean t as a reference for dev el-

op ers in tegrating the system in to their o wn systems. Ho w ev er, the graphical

user in terface m ust still b e functional in order to fully demonstrate the sys-

tems capabilities.
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Criteria V ery Imp ortan t Less Irrelev an t T rivial

imp ortan t imp ortan t

Correctness x

E�ciency x

Reliabilit y x

In tegratable x

P ortable x

Usable

- dev elop er x

- end user x

T able 7.1: Criteria summary .
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Chapter 8

F eature Extraction and

Prepro cessing

In the analysis, prepro cessing is done b efore feature extraction, ho w ev er, as

the bitmap, required b y the prepro cessor, is iden ti�ed in the feature extrac-

tion, it is imp ossible to do in this order. Therefore, in the design, these t w o

phases are sw app ed.

8.1 F eature Extraction

The feature extraction stage is resp onsible for preparing the inputed data of

c haracter recognition and structural analysis stages. Its primary task is to

tak e the bitmap input from the user in terface, pro cess it to detect eac h new

or deleted c haracter, de�ne a rectangular b ounding b o x that con tains the

c haracter, and pass that pro cessed data to the other stages of the system.

8.1.1 Iden tifying Characters

While it ma y seem trivial at the �rst glance there are some complications.

The F eature Extractor receiv es up dated input eac h time the user has pressed

the p en do wn, dra wn and lifted the p en again. But as previously men tioned

in Section 3.2 there are c haracters that t ypically require sev eral strok es to

write e.g. t, f, i and so on. Therefore it cannot b e assumed that eac h up date

con tains a new c haracter. Most of the m ultiple strok e c haracters con tain

o v erlapping strok es (e.g t, +, F), so if the feature extracted lo cates strok e

that o v erlap it should simply merge them.

The other t yp e of m ultiple strok e c haracters, diacritic-lik e c haracters (i,

Ã, å), p ose a large c hallenge. As mathematical expressions are lik ely to

include sub- and sup erscript or ev en include fraction lines, simply extending

the b ounding b o x in eac h direction w ould risk including data from other

c haracters. Luc kily the structural analyser can t yp eset the diacritics if the

diacritic marks are treated as separate sub- and sup erscripted c haracters.

8.1.2 Deleted Characters

Due to design of the system, the feature extractor m ust also determine

whether parts of or an en tire c haracter w as deleted, b y comparing the new

input data with the previous input data. If part of a c haracter w as remo v ed

c haracter recognition m ust b e rerun, or if the en tire c haracter w as deleted

the expression structure m ust b e reanalysed.
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8.2 Prepro cessing

As the ANN-based c haracter recogniser uses a �xed size input bitmaps, the

c haracters, the user writes, will lik ely need to b e rescaled to the ANN's input

size. A bitmap image consists of a set of discrete v alues assigned in teger

co ordinates, therefore there is no w a y of kno wing what the v alue is at (x; y)
where x; y =2 Z .

Scaling a bitmap with an in teger factor ( f ) can b e done relativ ely simple

b y rep eating a pixel f times on the x and y axis. Ho w ev er, the user is lik ely

to input a c haracter that needs to b e scaled b y a non-in teger factor, so a

b etter approac h is needed, whic h can b e seen in Algorithm 3.

Algorithm 3 Bitmap Image Scaling Algorithm [PTVF92 ]

1: function Scale ( source, f , in terp olation_func )

2: width  get width( source) �f
3: height  getheigh t( source) �f
4: Create imagewidth;height

5: for j  1 to height do

6: for i  1 to width do

7: imagei;j  in terp olation_func ( source; i
f ; j

f )

8: end for

9: end for

10: return image
11: end function

The scaling algorithm will inevitably need data from non-in teger co ordi-

nates when f 6= 1 . T o generate these v alues, some form of in terp olation is

t ypically used.

The naiv e approac h, called Nearest Neigh b our in terp olation, simply tak es

the v alue from the nearest p oin t, e.g. in Figure 8.1 (x; y) 's v alue w ould b e

the same at (a+1 ; b+1) as it is the p oin t closest to (x; y) . While this metho d

is fast and simple to implemen t, it creates aliasing in the resized image. T o

reduce aliasing, a more adv anced in terp olation metho d is t ypically used, suc h

as bilinear or bicubic in terp olation, whic h computes a w eigh ted a v erage for

(x; y) from the surrounding pixels.

As can b e seen in Figure 8.2, the w eigh ted a v erages computed with bi-

linear and bicubic in terp olation result in grey pixels, whic h mak e the image

app ear app ear smo other to the h uman ey e when view ed at its nativ e resolu-

tion. While the ANN can easily use non-binary input, it is an op en question

whether the c hoice of in terp olation metho d will ha v e an e�ect on the c har-

acter recognition rate.
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(x,y)

(a,b)

(a,b+1) (a+1,b+1)

(a+1,b)

Figure 8.1: Zo omed bitmap.

Figure 8.2: F rom left to righ t, a handwritten H, the H rescaled with a factor

of

64
79 with nearest neigh b our, bilinear, and bicubic in terp olation.
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Chapter 9

Character Recognition

Design of the c haracter recognition mo dule is the topic of this c hapter. W e

ha v e found t w o approac hes for c haracter recognition, b oth utilising ANNs

but to a di�eren t exten t. The metho d describ ed in Section 4.5 uses a single

la y er ANN and a selection mec hanism based on statistics. By utilising the

theoretical foundation on ANNs established in Chapter 4 and the study of

Araok ar's approac h in Section 4.5, w e ha v e put the second approac h together

ourselv es. In con trast to Araok ar's approac h, our approac h sheds the statis-

tical selection mec hanism and emplo ys a t w o la y er ANN to handle the whole

classi�cation pro cess.

The c hoice of examining Araok ar's metho d of doing c haracter recognition

had t w o purp oses. Firstly , this metho d serv ed as a gen tle in tro duction to

the w orld of practical c haracter recognition. Secondly , Araok ar's metho d is

the primary source of inspiration for our o wn, more sophisticated solution.

Initially , w e will design our o wn metho d of c haracter recognition. With

the metho d fresh in mind, w e do a comparison to iden tify similarities and

di�erences b et w een the Araok ar's metho d and our o wn metho d. Ho w ev er,

at that p oin t w e cannot decide whic h approac h to dev elop further, b ecause

suc h a c hoice requires a thorough test � a test w e will describ e in Section

13.2. The test is required, since it is di�cult to predict ho w w ell an ANN

will learn a sp eci�c task. W e c ho ose to pro ceed with our o wn approac h that

utilises a t w o la y er ANN, since w e do not w an t to dev elop b oth approac hes.

This is a safe b et, b ecause a t w o la y er ANN is able to learn more complex

patterns than a single la y er ANN. After the comparison, w e study training

of the ANN and training pitfalls.

9.1 T w o La y er ANN Approac h

The fact that m ulti la y er ANNs are able to learn linearly non-separable

patterns hin ts that a t w o la y er ANN migh t recognise c haracters b etter than

a single la y er ANN. Ho w ev er, the addition of another net w ork la y er is not the

only c hange w e will mak e to Shashank Araok ar's approac h. Instead of ha ving

a separate selection mec hanism, the �nal step of classi�cation is em b o died

in the new ANN. [Mit97]

Inspired b y b oth the single la y er ANN approac h and the car steering ex-

p erimen t illustrated in Figure 4.1, Chapter 4, w e ha v e designed the net w ork

arc hitecture for the t w o la y er approac h as illustrated in Figure 9.1. The �g-

ure sho ws a picture of a written lam b da sym b ol that is cropp ed, scaled to a

�xed-size, and inputted to a t w o la y er ANN. The scaling uses in terp olation,

thereb y giving rise grey pixels, i.e. grey tin ts. The matrix size in Figure 9.1
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is 16x16, but that size is solely c hosen to illustrate the cropping and scaling;

a common matrix size is 32x32 or greater. A ccording to [Ara05 ], 32x32 has

b een found empirically su�cien t for recognition of the English alphab et. F or

this reason w e migh t ha v e to c ho ose greater dimensions to b e able to recog-

nise English letters, digits, Greek letters, and other mathematical sym b ols.

A test, whic h will b e prepared in Section 13.1, is required to c ho ose the

appropriate dimensions. In Figure 9.1, ev ery matrix en try supply an input

v alue to the ANN. A particular v alue indicates ho w greyish the corresp ond-

ing pixel is in the cropp ed and scaled input picture. F or example, the colour

v alues in Figure 9.2 could b e used. Ev ery hidden unit in the ANN is fully

connected to the matrix, i.e. ev ery hidden unit gets input from all matrix

en tries. In a similar w a y , ev ery output unit gets input from all hidden units.

Information only �o ws from left to righ t in the ANN, th us it is a feed-forw ard

net w ork.

units

input values

units
hidden output

d

c

b

a

symbols

z

Figure 9.1: Character recognition using a t w o la y er ANN.
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0.50

0.75

1.00

8 bit unsigned integer value

0

63

127

191

255

Gray intensity

Figure 9.2: Floating p oin t v alues and 8 bit unsigned in teger v alues for �v e

in tensities of grey .

Sev eral rules of th um b exist for c ho osing the n um b er of hidden units for

a t w o la y er ANN. The prop ert y that most rules of th um b seem to agree on is

that the n um b er of hidden units m ust b e greater than the n um b er of input

v alues but less than the n um b er of output units [Sar04 ]. Ho w ev er, as w e will

no w clarify , our prop osed w a y of doing c haracter recognition cannot satisfy

P age 53 of 108



9.2 Metho d Comparison

that prop ert y . The n um b er of output units in Figure 9.1 is limited to the

n um b er of sym b ols that the recognition system should b e able to recognise.

Consequen tly , our only w a y of satisfying the prop ert y is to c ho ose impractical

small dimensions for the input matrix. Clearly , the men tioned prop ert y

cannot help us c ho ose the n um b er of hidden units, for whic h reason w e will

ha v e to conduct another test in Section 13.1. A training and classi�cation

test with a v arying n um b er of hidden units un til the classi�cation error on a

test set is minimised. The fact that the car steering exp erimen t in [P om95 ]

attains go o d results using only four hidden units imply that w e migh t also

b e able to attain go o d results with a small n um b er of hidden units, since

the t w o applications are v ery similar. It is therefore sensible to b egin the

test b y trying out ANNs with a small n um b er of hidden units. Only sigmoid

units are utilised in our t w o la y er ANN approac h, depicted as empt y circles

in Figure 9.1, b ecause w e w an t to b e compatible with the Bac kpropagation

algorithm for learning.

In the same w a y as the ANN in the car steering exp erimen t outputs a

steering direction, the ANN in our c haracter recognition system outputs a

recognised c haracter. Again, consider Figure 4.1 in Chapter 4. If the car is

supp osed to turn left, the output units to the left outputs high v alues. Simi-

lar t yp e of action apply to the other steering directions, i.e. straigh t forw ard

and righ t. The ANN in Figure 9.1, when w ell trained, outputs a high v alue

from the output unit corresp onding to the lam b da sym b ol and lo w v alues

from the other output units. Since the output units in the c haracter recogni-

tion system not necessarily are sorted with regard to sym b ol resem blance, w e

do not use precisely the same terminology as in the car steering exp erimen t:

a closely spaced group of output units is of no in terest, only a list of output

units with descending scores is a solution to a recognition assignmen t. The

sym b ol corresp onding to the output unit with the highest v alue is rep orted

as the recognition outcome, the other units in the list are pro vided as alter-

nativ es to the succeeding phases of the system. W e also adopt a recognition

threshold. The recognition system returns an unrecognisable signal if none

of the output units outputted a v alue greater than the threshold.

9.2 Metho d Comparison

The t w o la y er ANN approac h designed in the previous section adopted ideas

from Araok ar's metho d, studied in Section 4.5, and the car steering exp eri-

men t carried out b y Dean A. P omerleau in [P om95 ]. The follo wing c harac-

terises the new approac h:

� Utilisation of a t w o la y er ANN instead of a single la y er ANN to b e able

to learn ev en more complex patterns.

� No separate selection mec hanism. The ANN handles the whole classi-
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�cation pro cess.

� One output unit for ev ery sym b ol to recognise. The sym b ol corresp ond-

ing to the output unit with the highest output v alue is the recognition

result.

W e ha v e made the c hoices to p ossibly create a b etter metho d for c haracter

recognition than the approac h dev elop ed b y Shashank Araok ar in [Ara05].

The fact that our approac h utilises an ANN with more represen tational p o w er

than Araok ar's approac h is wh y w e c ho ose to con tin ue dev elopmen t of our

o wn approac h. Araok ar's approac h serv ed as a practical in tro duction and

source of inspiration, but w e will no w refrain from studying it further. Sev eral

questions w ere ask ed in the previous t w o sections that can only b e answ ered

b y tests in P art I I I:

� Is prop er c haracter recognition of mathematical expressions p ossible

using Araok ar's metho d or do w e really need a stronger approac h suc h

as the t w o la y er ANN approac h designed in Section 9.1?

� Whic h matrix dimensions are needed for prop er c haracter recognition

of mathematical expressions using the t w o la y er ANN approac h?

� Ho w man y hidden units are needed for prop er c haracter recognition of

mathematical expressions using the t w o la y er ANN approac h?

The steps of recognition done b y our approac h, whic h basically are the ev al-

uation of a m ulti la y er ANN, ha v e already b een explained in Section 4.2 and

Section 9.1. What remains is ho w to train the t w o la y er ANN and whic h

training pitfalls w e migh t encoun ter.

9.3 T raining of the Neural Net w ork

T o b e able to classify new, unkno wn input matrices, the ANN m ust b e trained

to learn the patterns consisting of input matrices and correct classi�cations.

The Bac kpropagation algorithm from Section 4.3 is utilised to do just that.

It will p erform sup ervised learning, since the ANN is �told�, aside from the

input matrix, ho w it m ust classify . In unsup ervised learning, an ANN is

not instructed ho w to classify; it has to disco v er that without outside help.

Because the Bac kpropagation algorithm from Section 4.3 is already v ery

detailed for implemen tation and conforms to the net w ork structure of our

approac h, w e will not examine it an y further.

T raining is done using a large n um b er of training examples pro duced b y

test p ersons. Ho w ev er, this giv es rise to another uncertain t y that can only b e

answ ered using a w ell-planned test in Section 13.3. It is uncertain whether a

single ANN is able to learn sev eral users' handwriting or if w e need to store a
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separate ANN for ev ery user. The net w ork structure is not altered, ho w ev er,

for whic h reason it is enough to store a set of w eigh ts for ev ery user in the

latter case. In b oth cases, training of the ANN is conducted using a simple

test sc heme that will b e detailed in P art I I I:

1. Place a test p erson in fron t of a computer that has a tablet attac hed

and runs a �nal c haracter recognition system based on our �recognition

engine�.

2. F or ev ery sym b ol that should b e recognisable b y the system:

(a) Put the system in to learning mo de and dictate whic h sym b ol the

system m ust classify the follo wing inputs as.

(b) Instruct the test p erson to write a particular sym b ol on the tablet

exactly x times. The constan t x m ust ha v e the same v alue for

ev ery pass of this lo op to ensure equal training exp osure to all

sym b ols.

In [P om95 ], Dean A. P omerleau discusses p oten tial training problems with

regard to training an ANN to steer a v ehicle. It is p oin ted out that training

using similar patterns for sev eral passes of a training algorithm p oten tially

damage an ANN's abilit y to generalise to new data. A risk that also applies

to our c haracter recognition approac h, since w e dep end on an ANN structure

similar to that of P omerleau's. In the car steering exp erimen t, the problem

o ccurs when the ANN is only exp osed to natural driv er b eha viour, e.g. driv-

ing without the o ccurrence of an y measures of a v oidance. F or example, an

ANN that is only trained b y driving straigh t ahead on the freew a y is not

able to p erform an y other kind of driving. P omerleau ends up solving the

problem b y man ually distorting the input pictures from the car's video cam-

era to di�eren t exten ts, i.e. doing shifting and rotation to sk ew the ANN's

p erception of the road. A ctually , the training of our ANN migh t a v oid the

problem of b eing trained to o m uc h with iden tical training examples, b ecause

most p eople are not able to write sev eral p erfectly similar c haracter in a ro w.

Ho w ev er, the training migh t lead to b etter results if it is emphasised to the

test p ersons not to in ten tionally write p erfectly similar c haracters, i.e. to

underline that they should write as they usually do.

9.3.1 T raining Pitfalls

When training an ANN, the most imp ortan t issue is generalisation. The

follo wing question expresses the issue:

Ho w w ell will m y net w ork classify patterns

that are not in the training set?
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Lik e some other statistical mo dels, ANNs can su�er from o v er�tting. P ar-

ticularly in cases where training is p erformed for to o long or where training

examples are biased, the ANN ma y adjust to v ery sp eci�c, random features

of the training data. This is problematic, as it is p ossible that these random

features ha v e no causal relation to the target function. When o v er�tting

starts to o ccur during the training pro cess, the ANN's p erformance on ap-

plied training examples con tin ues to increase while the p erformance on new

data decreases. Ov er�tting can b e a v oided b y using additional tec hniques

suc h as cross-v alidation and early stopping, ho w ev er, due to time constrain ts

w e will not examine the tec hniques further. [Mit97 ]

9.4 Summary

A t this p oin t, w e ha v e designed a w a y to recognise c haracters in our pro ject.

Shashank Araok ar's approac h in [Ara05] and Dean A. P omerleau's car steer-

ing exp erimen t in [P om95 ] are the sources of inspiration. If implemen ted

using appropriate data structures, the designed metho d should b e able to

adapt to the results of the tests in P art I I I, i.e. di�eren t dimensions of

the input matrix and a di�eren t n um b er of hidden units. The topic of the

next c hapter is to design a w a y to �nd the recognised c haracters' relativ e

placemen t to eac h other.
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Structural Analysis

As men tioned in previuos c hapters, w e need to t yp eset the mathematical

expressions that are handled b y our system. T yp esetting in v olv es �nding

out ho w the c haracters are placed in relation to eac h other. This is essen-

tial if y ou w an t to con v ert a handwritten expression to something that can

b e understo o d b y a computer. F urthermore, �nding the t yp esetting mak es

it p ossible to do error detection, error handling and ev aluation of the ex-

pression. In the expression analysis pass the expression will b e analysed

according the mathematical grammar to c hec k whether the syn tax and se-

man tics is formed correctly . Error detection and handling in v olv es �nding

and correcting lexical, seman tic and syn tactic errors in the expression and

w e ha v e c hosen not to fo cus on logical errors, as w e do not w an t to start

ev aluating the expressions. Our �rst goal is to design a system that can

t yp eset an expression, and hereb y allo w us to easily translate the expression

in to L

A

T

E

X. W e are also in terested in �nding and correcting errors caused

b y the arti�cial neural net w ork. T yp esetting is the most imp ortan t of them

all, so w e m ust therefore utilise some kind of sc heme that will allo w us to do

this, whic h will result in a structural analyser.

10.1 Choice of Metho d

The design for our structural analyser will basically b e based on the parse

tree metho d describ ed in Chapter 5. This metho d allo ws us to �nd the re-

lations b et w een eac h sym b ol and represen t them in a w ell-structured mo del.

The lexed BST generated after the la y out and lexical passes will b e used

to generate the output, as the tree structure is easily con v erted to a lan-

guages suc h as L

A

T

E

X or MathML. The metho d of constructing regions to

�nd the relations b et w een mathematical sym b ols is also used in DRA CU-

LAE [ZBC01 ]. It seems as a go o d approac h, since the idea is in tuitiv e. The

approac h is rather simple and still it is able to manage a rather complex

form of notation.

In Section 6.3 w e discussed the use of Ba y esian net w orks to correct errors.

Ho w ev er, this approac h is to o w eak to giv e a realistic guess for a correction

and it is also not suitable for classi�cation and error detection. This is b e-

cause it only giv es a probabilistic guess at whic h t yp e of sym b ol it should b e,

and the c hance it guesses correctly is assumed to b e rather small. Building

probabilit y tables requires an immense amoun t of expressions to b e analysed.

Instead w e will add a metho d to detect and in some cases correct errors

b y using a heuristic approac h. Sp ecial transformation rules are added to the

system in order to mo dify sym b ols that are commonly misrecognised. These
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transitions tak e place for ev ery baseline in the BST during the lexical pass,

e.g. sin w ould often b e recognised as 5in and hence need correction, but

no guaran tee can b e giv en that the correction is in fact correct. Therefore

w e ha v e c hosen to add a �nal c hec k to v erify whether the expression is

syn tactically correct.

The c hec k is p erformed b y creating an op erator tree from the lexed BST.

This tree can b e used to v erify the syn tactical correctness of the expression.

Hop efully errors ha v e b een caugh t earlier or else the tree is mark ed with an

error. This approac h has b een c hosen in order to mak e it p ossible to inform

the user of the system ab out errors in the expression. Chapter 12 explains

ho w the user can correct errors. [CY01]

10.2 Structural P arser

As discussed ab o v e the system will b e largely based on DRA CULAE with

a few mo di�cations. The t yp esetting part of the system will almost b e

completely iden tical, one c hange is that w e will do some basic error handling.

The pro cessing will b e structured in suc h a w a y that when the system gets

input, it will run all passes in the parser and generate an output. So if the

user has not written the whole sen tence it will still try to parse it. This will

of course giv e great o v erhead as the parse trees will b e rebuilt for ev ery new

sym b ol written.

The �rst pass will build the baseline tree. In the next pass, the lexic al

p ass , the system will transform the tree b y �nding sym b ols, whic h can b e

comp ounded or structured in to what w e will call tok ens. Unlik e DRA CULAE

our system will do some heuristic error handling with some sp ecial rules

during this pass, see Section 10.2.3. The result of this pass will b e a lexed

BST, and it will b e displa y ed on the GUI and translated in to MathML math

expressions.

The third pass will use a grammar for mathematical expressions and

c hec k whether the expressions conforms to the grammar. If the expression is

not correct, some error correction could b e applied to see if it will mak e the

expression parseable, ho w ev er, w e ha v e c hosen just to lea v e further correction

to the user.

10.2.1 Sym b ol Relations and T ok ens

The ANN explained in Chapter 9 classi�es the bitmaps to certain sym b ols. In

the structural analysis, the goal is to �nd the relations b et w een the sym b ols,

e.g. if a sym b ol is written as a sup erscript. This is done b y constructing

a tree with a EXPRESSION tok en as the ro ot no de, and then all sym b ols

is added as c hildren to the ro ot no de sorted accordingly to their left-most

p ositions in the expression. Next the tree is parsed according to those of the

sym b ols' cen troids, whic h lies within other sym b ols regions, as explained in
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the analysis in Section 5.1. This pass is called the la y out pass and results in

a BST, where sym b ols can b e related b y the follo wing tok ens, also illustrated

in Figure 10.1.

� SUPER - The sym b ols in the branc hes from a SUPER tok en leaf are a

sup erscript of sym b ol in the head of the SUPER tok en leaf, e.g. 2+32
.

� SUBSCRIPT - Same except the sym b ols are subscripted, e.g. a + b1 .

� ABO VE - Same except the sym b ols are placed ab o v e, e.g. a sym b ol

ab o v e a fraction line, e.g.

a
b .

� BELO W - Same except the sym b ols are placed b elo w.

EXPRESSION

� � � �
HHHH

2 + 3

SUPER

2

EXPRESSION

� � � � �

HHHHH

a + b

SUBSCRIPT

1

EXPRESSION

� � �
HHH

ABO VE

a

BELO W

b

Figure 10.1: T rees sho wing the relations of sym b ols b y region tok ens

In order to see if a cen troid lies within a region, it is necessary to kno w

the size and p osition of the region, and the p osition of the cen troid. Since

the user can v ary the size of the c haracters, the b ounding b o x around the

c haracters will v ary in size. The cen troid p osition for a sp eci�c c haracter

m ust b e calculated from the lo cation and size of the b ounding b o x, this also

holds true for the regions. If the user writes large c haracters the regions

should expand accordingly , or shrink if the user writes small c haracters.

In Section 13.5 the regions and cen troids for all c haracters are found

through testing. Based on the test, the cen troid for a c haracter of v arying

size, can b e found b y searc hing for the relation b et w een the cen troid lo cation,

and the size and lo cation of the b ounding b o x. The same thing holds true for

the regions. When the relations are kno wn, the calculations can b e devised.

The next pass in the parser is the lexical pass, whic h con v erts the re-

maining sym b ols in tree to tok ens, according to the grammar describ ed in

Section 10.2.3. The sym b ols are con v erted to the tok ens ADD , SUB , MUL ,
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DIV , EXP , SIN , COS, T AN , FRACT ION , EQU or a tok en represen-

tation of the sym b ols a:::z, A:::Z , � ... ! , A:::
 , 0:::9, ( , or ) . These are the

supp orted sym b ols in our system, so for example it will not b e p ossible to

use

p
EXPRESSION , � for summation and � for m ultiplication.

10.2.2 Data Structures

The mathematical expressions whic h the system pro cesses will b e trans-

formed in to di�eren t tree structures. T ree structures are v ery go o d at repre-

sen ting mathematical expressions, as the expressions are v ery hierarc hical in

nature. The input pro cessing will feature the same compiler st yle pro cess-

ing as DRA CULAE. Therefore, w e m ust design data structures whic h will

con tain all the necessary information that will allo w the structural parser to

pro cess input.

The v ery �rst thing to consider is ho w to represen t the sym b ols that the

baseline tree will consists of. The cen troids will b e needed for eac h sym b ol

and calculated as explained in Section 10.2.1. The cen troid will simply b e

represen ted b y an x -v alue and y -v alue. F rom this it is a trivial task to

c hec k whether a cen troid lies within another c haracter's region. The region

thresholds for the di�eren t c haracters will b e needed, in order to �nd the

p ositions of c haracters relativ e to eac h other. Thresholds are calculated from

the size and p osition of the b ounding b o x for eac h sym b ol. The calculation

form ula migh t b e shared b y some sym b ols. Giv en a c haracter, the system

m ust b e able to lo okup ho w it should compute the region thresholds in a

table. In order to calculate the thresholds, b ounding b o x information is also

required.

Cen troid and threshold v alues for eac h sym b ol m ust b e found. This can

b e done b y analysing eac h sym b ol and �nd out ho w the sym b ols are written

in relation to eac h other. A test could b e p erformed to determine the v alues,

whic h giv es the b est results. See Section 13.5 for further information.

Eac h sym b ol is represen ted b y an arra y , where the sym b ol in the �rst

p osition is the sym b ol that the ANN found the most lik ely sym b ol, and the

one in second p osition the second most lik ely and so on. This information

will b e used in the lexical phase to �nd other v alues of a sym b ol, if there

is some kind error, e.g w e ha v e a righ t brac k et but no left brac k et. In this

w a y the system will b e able to c hose another sym b ol. W e also need a lo c k ed

attribute to the sym b ol data structure, since, if the user corrects a sym b ol

man ually , w e m ust b e sure that the sym b ol is not altered when correcting

errors.

A region data structure consists of an error indicator and a tok en (region

names for no des describing regions and sym b ol names for no des describing

sym b ols). As the lexical analyser progresses, all sym b ol no des will b e re-

placed b y tok en no des, since the information ab out the data in the sym b ol

structure is not needed an y more. The error indicator will b e used in the
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expression analysis phase to indicate if a part of the expression is malformed.

This information can b e sen t bac k to the user in terface. Our data structures

for the structural analyser are sho wn b elo w.

Data Structure for a Sym b ol

The data structure for a sym b ol con tains four elemen ts:

� Cen troid

� Bounding b o x

� Character list

� Lo c k ed

Data Structure for a Region

The data structure for a region con tains t w o elemen ts:

� T ok en

� Error

Finally , w e will b e using a tree structure, capable of an arbitary n um b er

of c hildren for eac h no de, as the n um b er of c hildren migh t v ary . As the tree

structure m ust b e able to distinguish b et w een left and righ t c hildren, w e

m ust b e able to add a left and righ t baseline to a no de eac h consisting of

m ultiple c hildren. If a no de only has one baseline as c hild, the righ t list of

c hildren should b e empt y . The no des will ha v e to b e set to either a sym b ol

or a region data structure, as the tree will b e built b y inserting sym b ol no des

and mo di�ed to only con tain region no des.

10.2.3 Lexical Rules and Grammar

The structural parser describ ed in Section 10.2 uses sev eral passes to con-

struct and mo dify a BST. The lexical and expression analysis pass utilise a

set of lexical rules and a grammar to do the parsing, resp ectiv ely . The lexical

rules has t w o purp oses as describ ed b elo w.

� Lexical rules:

1. Con v ert sym b ols to tok ens and do transformations for region to-

k ens, e.g. con v ert SUPER , ABOV E , BELOW to mathematical

tok ens EXP , FRACT ION . See T able 10.1.

2. Error correction b y use of heuristic rules, e.g. a rule could b e

sp eci�ed to substitute 5in with the tok en SIN . See T able 10.1
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� Expression analysis pass grammar:

� Sp eci�es the grammatic rules for what the system accepts as cor-

rect mathematical expressions. The grammar will b e used to v al-

idate the syn tactical correctness of a mathematical expression.

The complete grammar can b e seen in T able 10.2.

The �rst step is p erformed in the lexical pass in order to generate the

lexed BST, whic h will generate the MathML output. The second step uses

the sp eci�ed heuristic error correction rules to help correction some lexical

and syn tactic errors in the expression. Ho w ev er, w e cannot guaran tee that

all errors will b e found or that the sym b ols w e substitute are in fact errors,

see Section 10.4. In the substitution rules b elo w all the n um b ers and letters

written in b old fon t are sym b ols and the rest are tok ens. An EXPRESSION

is an arbitrary sequence of sym b ols in the input.

The grammar used in the expression analysis pass is used to v alidate

whether the mathematical expression is syn tactically correct. The ! is a func-

tion whic h replaces a ) with the next ANN-candidate for this sym b ol. Before

the expression analysis pass, the FRA CTION tok ens m ust b e con v erted to

DIV tok ens. In the lexical pass, w e need to distinguish b et w een division

sym b ols and fraction lines so they can b e rendered correct in MathML, but

in an op erator tree they ha v e the exactly same function.

10.2.4 T ree T ransformations

This system uses tree transformations to re�ne and restructure the initial

baseline tree. The system will searc h the en tire tree with depth-�rst-searc h

for subtrees with certain shap es and leaf v alues. These shap es and leaf

v alues corresp ond to the left side of a tree transformation rule. The matc hed

subtree will b e replaced with a new subtree. This new subtree corresp onds

to the righ t side of the tree transformation rule.

Based on the lexical rules in Section 10.2.3, w e will describ e some of the

tree transformation rules for the lexical pass. The rest of the transformation

rules can b e found in App endix A.

Lexical Analysis Phase

This phase can b e divided in to t w o parts. The �rst part consists of con v erting

sym b ols in to tok ens, grouping m ultiple sym b ols in to comp ound tok ens, and

restructuring the tree. The second part deals with error correction.

The transformation in Figure 10.2 will add a fraction line in the lexed

BST. In the la y out pass the system will, if it �rst sees a fraction line, allo cate

the c haracter or c haracters ab o v e and b elo w the sym b ol in new baselines,

as it do es not y et kno w whether the line is in fact a fraction, a min us or a

part of a equal line. If w e see the pattern for a fraction line, w e no w kno w
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that w e ha v e the fraction of t w o sub expressions and w e transform the BST

accordingly . f and g are added in the start and end of eac h baseline in order

to distinguish the sub-expressions. f and g are used to di�eren tiate from (
and ) , whic h ma y already b e in the sub expression. This is needed in Section

10.3, Linearisation.

� � ��
HHHH

ABO VE

[BaselineA]

BELO W

[BaselineB]

!
FRA CTION

� � � �
HHHH

{[BaselineA]} {[BaselineB]}

Figure 10.2: F raction line transformation. [Baseline] represen ts a list of

sym b ols.

Figure 10.3 deals with �nding � = � sym b ols. This �gure actually rep-

resen ts t w o di�eren t transformations. When t w o lines are written in this

pattern, either the top or b ottom line will b e pro cessed �rst. This giv es t w o

di�eren t situations, where the other line is in a nested baseline with either

a ABO VE or BELO W tok en no de as its paren t.

ABO VE/BELO W ! EQU

Figure 10.3: T ransformation to the equal sym b ol. The equal sym b ol is a

fraction line with another fraction line lo cated ab o v e or b elo w.

Figure 10.4 transforms an instance of the BST where the sym b ols ab o v e

a fraction line are parsed b efore the line, whic h results in an anomaly in the

tree. The solution is to mo v e the sym b ol so the fraction line is placed ab o v e

it in the tree. If there already are sym b ols lo cated in the ABO VE region for

the fraction, w e can easily assume that the sym b ol should b e placed as the

�rst c hild of the region. This rule has a complemen tary rule that deals with

situations where a sym b ol b elo w the fraction line has b een parsed �rst. It

is imp ortan t that this rule is applied b efore the rule in Figure 10.2, or else

that rule cannot b e used and will result in a failure to parse the tree correct

The SUPER to EXP transformation is a bit more complicated. In order

to describ e wh y it is designed this w a y lets ha v e a little example. Supp ose

w e ha v e the expression (4 + 3) (2+4)
. When this has b een in the la y out pass,

it will lo ok lik e the left hand rule in Figure 10.5, where the [Sym b ol] will

b e the ) and the [Baseline] will b e (2 + 4) . Since the tree will b e tra v ersed
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[Sym b ol]

BELO W

� � HH
ABO VE

:::

:::

! � �� HHH

ABO VE

� �� HHH

[Sym b ol] :::

:::

Figure 10.4: Handling of a sp ecial case of the fraction line, where the la y out

pass has not built the BST in a satisfactory w a y . �...� represen ts an arbitrary

list of Sym b ols and T ok en no des, and [Sym b ol] represen t an y tok en no de with

a sym b ol name.

in a depth-�rst manner when con v erting it to MathML and building the

expression, an EXP tok en will replace the righ t brac k et in (4+3) . Moreo v er,

the transformation sets the brac k et as the �rst c hild of EXP . The second

c hild of EXP will b egin the [Baseline] with the expression (2 + 4) and the

rest of the c hildren will �nish it.

[Region]

� � � ��

HHHHH

::: [Sym b ol]

SUPER

[Baseline]

::: !
[Region]

� � � � �

HHHHH

::: EXP

� � ��
HHHH

[Sym b ol] {[Baseline]}

:::

Figure 10.5: The SUPER to EXP transformation. New sym b ols are added

so it later is easier to output and build the expression tree. [Region] indicates

an y tok en no de with a region name.

The sin rule in Figure 10.6 is prett y easy , whenev er the system �nds the

sym b ols s, i and n in the same baseline it will delete them and replace them

with a single tok en no de.

[Region]

� � HH
s i n

! [Region]

SIN

Figure 10.6: The comp ound transformation rule for sin
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Error Correction in The Lexical P ass

Error correction is an imp ortan t part of the lexical pass, b ecause some errors,

leading to unparsable trees, can b e caugh t here.

As seen in Figures 10.7 and 10.8, error corrections are simple v ariations

of the ordinary transformations. Ho w ev er, in Figure 10.8, to increase the

probabilit y of a correct transformation, there is a c hec k for a left brac k et in

the rule. Without the brac k et it is easy to imagine that the sym b ols �a� and

�n� could represen t a v ariable on the righ t-hand side of an addition.

[Region]

� �� HHH

C ::: )
! [Region]

� � HH
( ::: )

Figure 10.7: P aren thesis correction, w orks just at paren thesis matc hing in

the grammar, except the letter C is c hanged to ( .

[Region]

� � � �
�� @@ PPPP

+ a n (
! [Region]

�� HH
T AN (

Figure 10.8: Correction of a + placed in fron t of an.

It is imp ortan t to �rst apply rules lik e corrections and transformations,

that dep end on certain c haracters b eing placed on the same baseline (e.g.

paren thesis matc hing). If an y transformations that could radically c hange

the BST tree (e.g. the EXP transformation) are applied b efore them, it

could render them total useless. The next step is to linearise the tree so it

is ready to b e translated in to MathML and parsed.

10.3 Linearisation

When the lexed BST is built, it m ust b e linearised so it can b e used as input

to MathML, but also so it can b e c hec k ed b y the parser in the expression

analysis phase. In order to linearise the lexed BST, w e will use a mo di�-

cation of the Recursiv e Linearisation algorithm describ ed in Algorithm 2.

Algorithm 4 tak es in to accoun t the m ultiple left and righ t c hildren in our

tree data structure. It is imp ortan t to k eep the tok ens found in the lexical

phase so the tok en lab els m ust b e put in to an list of tok ens.

When linearisation has b een p erformed, the list of tok ens will b e used as

input to the expression analysis phase that will c hec k for syn tactical errors.

In order to output the expression as MathML, some additional transforma-
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Algorithm 4 Mo di�cation of the Recursiv e Linearisation that deals with

m ultiple c hildren

1: pro cedure Linearisa tion ( leaf )

2: if leaf.LEFT 6= NIL then

3: for all leafs in LEFT do

4: LINEARISA TION(leaf )

5: end for

6: end if

7: insert leaf in to tok en list

8: if leaf.RIGHT 6= NIL then

9: for all leafs in RIGHT do

10: LINEARISA TION(leaf )

11: end for

12: end if

13: end pro cedure

tions m ust b e applied. F or example, tok ens suc h as ADD m ust b e substituted

with + .

10.4 Error Handling

In Chapter 6 w e decided up on using a system of heuristic rules for error

handling. The substitution, of what is hop efully errors, is p erformed in the

lexical pass. In the last part of the expression analysis there is also p erformed

some syn tactical error detection. Uncorrected sym b ols or errors in tro duced

in the error handling, are left for the user to correct, as describ ed in Chapter

12.

The c hosen error handling metho d is not guaran teed to p erform �a wless

error correction. The heuristic rules are based up on the most common errors

and ho w these should b e corrected. When these rules are added to the

substitution rules, as done in T able 10.1, they will correct the most common

errors. When constructing these heuristic rules, one m ust b ear in mind that

the sub expressions, whic h are to b e corrected, are unlik ely to o ccur in a

correct expression. F or example, 5in and s1n are not exp ected to frequen tly

o ccur, so these can b e substituted with SIN without discomp osure.

In the expression analysis pass it is determined, whether the expression

is correct according to the grammar. In case of an error, the system could

correct the expression b y c hanging some of the sym b ols and thereb y making

it conform to the grammar. W e ha v e c hosen not to use this metho d, b ecause

it is a non-trivial task to �nd the defect part of the expression and correct it.

Because there migh t b e sub-expression whic h, ev en though erroneous, migh t

still parse. In addition, the en tered expression migh t not ev en b e wrong, but

P age 67 of 108



10.5 Expression Analysis P ass

just not co v ered b y the grammar.

Instead w e will simply mak e it easier for the user to correct unhandled

errors, as explained in Section 12.

10.5 Expression Analysis P ass

T o c hec k whether the input conforms to the grammar describ ed b y T able

10.2, w e need to parse it using a parser. Before the expression will b e handed

to the parser, some sym b ols in the linearised lexed BST m ust b e transformed

in to sym b ols that can b e recognised b y the grammar. F or example our

grammar do es not con tain the sym b ols � f � and � g�, so they m ust substituted

with � ( � and � ) �, whic h in turn will uphold the precedence of the original

expression. Figure 10.9 sho ws this transformation. The FRA CTION tok en,

sho wn in Figure 10.10, m ust lik ewise b e transformed in to a DIV tok en. All

pre-parsing transformations can b e found in App endix A

f ! (

Figure 10.9: Replacemen t of f sym b ol with the ( sym b ol.

When these transformations ha v e b een applied the expression is ready

to b e parsed.

P arsing

Sev eral parsing metho ds exist, e.g. Recursiv e-Descen t, LL(1), LR(1), and

LALR(1). The metho ds are divided in to t w o t yp es: top-do wn and b ottom-

up parsing metho ds. The parsing pro cess in a compiler builds an abstract

syn tax tree (AST) from the input with regard to a particular grammar. An

AST is �nite, lab elled tree, where the in ternal no des are op erators, and the

leaf no des are op erands. T op-do wn parsing metho ds build the AST from top

to b ottom, and b ottom-up parsing metho ds build the AST from b ottom to

top.

Since the theory of compilers and programming languages is not the main

theme of this pro ject, w e will not deal with the design of a parser. This

problem has b een solv ed man y times o v er, and there are man y excellen t

compiler-compilers readily a v ailable.

FRA CTION ! DIV

Figure 10.10: Replacemen t of the FRA CTION tok en to the DIV tok en.
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10.6 Summary

In this c hapter w e ha v e describ ed a metho d, whic h can �nd the structural

relations in mathematical expressions. The metho d is based on DRA CULAE

and uses region b o xes, cen terio ds, and tree transformations to determine

the structural relations, in a mathematical expression. F urthermore, error

detection and correction ha v e b een added to the system. As w e ha v e not

found a p erfect metho d for detecting and correcting errors. Due to time

constrain ts, w e ha v e c hosen to use heuristic rules, instead of dw elling deep er

in to the use of statistically based metho ds. These heuristic rules correct some

of the commonly o ccurring errors, whic h allo ws us to recognise expressions

correctly ev en with some errors.
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Conversion to tokens:

+ ! ADD
� ! SUB
� ! MUL
= ! DIV
SUPER ! EXP
sin ! SIN
cos ! COS
tan ! T AN
ABOV E � BELOW (e:g:EXP RESSION

EXP RESSION ) ! FRACT ION
� ABOV E=BELOW � ( displa y ed as = ) ! EQU
0...9 ! 0:::9
a...z ! a:::z
A...Z ! A:::Z
� ... ! ! �:::!
� :::
 ! � :::

( EXPRESSION ) ! ( EXPRESSION )

Err or tr ansistion rules:

5in( EXPRESSION ) ! SIN (EXPRESSION )
s1n( EXPRESSION ) ! SIN (EXPRESSION )
c0s( EXPRESSION ) ! COS(EXPRESSION )
co5( EXPRESSION ) ! COS(EXPRESSION )
c05( EXPRESSION ) ! COS(EXPRESSION )
+ an (EXPRESSION ) ! T AN (EXPRESSION )
tah( EXPRESSION ) ! T AN (EXPRESSION )
C EXPRESSION ) ! ( EXPRESSION )
SUBSCRIPT ( ! SUBSCRIPT 1
EXPRESSION ) ! EXPRESSION !

T able 10.1: Con v ersion to tok ens and error transition rules.
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EXPRESSION ! NUM j V AR j INF IX j PREF IX j
UNARY j
EXPRESSION EQU EXPRESSION

NUM ! NUM NUM j 0:::9
V AR ! V AR V AR j a:::z j A:::Z j �:::! j A:::

UNARY ! SUB EXPRESSION j

SIN EXPRESSION j
COS EXPRESSION j
T AN EXPRESION

INF IX ! EXPRESSION ADD T ERM j
EXPRESSION SUB T ERM j
T ERM

T ERM ! T ERM MUL EXPO j
T ERM DIV EXPO j
EXPO

EXPO ! EXPO EXP FACT OR j FACT OR
FACT OR ! (EXPRESSION ) j V AR j NUM

T able 10.2: The grammar of our system.
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Chapter 11

System Design

In order to mak e the system as reusable as p ossible and to ful�l the in te-

grateable criterion, the system will b e designed as a library and a sample

application using the library . The library will b e resp onsible for the pro cess

of recognising mathematical expressions and con v erting them to MathML.

The sample Graphical User In terface, using the library , will pro vide an en tire

recognition system. This division of tasks allo ws a third part y to rapidly add

mathematical expression recognition supp ort to new or preexisting systems

b y using the library .

11.1 Design Philosoph y

Before lo oking in to the gritt y details of the design of the system, the philos-

oph y b ehind it will b e in tro duced. In the system criteria, the in tegrateable

criterion and ease of use for the dev elop er w ere priorities v ery highly . In ad-

dition, it w ould b e highly useful to b e able to c hange prepro cessing/feature

extraction metho ds and c haracter/structural recognition metho ds without

ha ving to rewrite the en tire system. T o accomplish this, a mo dular ap-

proac h will b e tak en, eac h mo dule dealing with a sp eci�c problem suc h as

recognition of c haracters or feature extraction. Eac h of the mo dules will com-

m unicate with the rest of the system through a de�ned in terface. T o satisfy

the ease of use criterion, a second programming in terface will b e de�ned for

programmers in tending to use the system in new or preexisting soft w are.

11.2 P arallelisation

Micropro cessor design, from em b edded systems to high end serv er pro ces-

sors, is increasingly mo ving to w ards m ultiple execution cores, as the old

metho ds of impro ving pro cessor p erformance, impro ving instruction lev el

parallelism and higher clo c k rates, seem to giv e diminishing returns. This is

something new soft w are systems m ust tak e in to accoun t, as the p erformance

gains acquired b y up dating to a new er pro cessor will not impro v e soft w are

p erformance, if the design is not designed with parallelisation in mind.

While spa wning a separate thread for pro cessing, so the user in terface is

not blo c k ed un til pro cessing is complete, is a common practice to da y , it is

p ossible to further parallelise the recognition pro cess.

Figure 11.1 sho ws a �o w c hart of the recognition pro cess. Assume that

the user inputs a new c haracter b efore the system is done pro cessing the for-

mer c haracter, w ork on the new c haracter w ould not start un til the previous
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Character Recognition
Preprocessing

(Character Recognition)
User Input

Recognized Text DisplayStructural Analysis

Figure 11.1: Pro cessing order in the recognition system.

c haracter is completely recognised and outputted to the displa y . Eac h stage

pro duces data consumed b y the next one, so a pip eline could b e implemen ted

b y giving eac h stage a thread. This allo ws threads to w ork on di�eren t c har-

acters at the same time. Of course an y b ene�t w ould require that the user

will b e able to input c haracters faster than the system is able to pro cess

them, otherwise the extra threads w ould just b e needless complexit y .

11.3 Initialisation

Before the library is ready for use, it has to b e fed some initial information

needed in the recognition pro cess. These are the dimensions of the bitmaps

whic h the user in terface will b e feeding the library , registration of handlers

for the ev en ts the library will send the user in terface and p ossibly some

implemen tation sp eci�c data.

11.4 Ev en ts

As comm unication b et w een mo dules needs to b e done when a state c hange

o ccurs, suc h as the user inputing a c haracter, a c haracter has b een recognised,

a recognised c haracter rendered on to the screen etc., it seems �tting to mak e

the comm unication b et w een mo dules ev en t based. While it w ould b e tempt-

ing for an en terprising y oung soft w are engineer to mo v e ev en t noti�cation

to pure message passing through so c k ets, to allo w one to transparen tly dis-

tribute tasks among net w ork ed computers, w e deem it not w orth the e�ort.

Esp ecially taking the e�ciency criterion in to consideration as an y require-

men t for the pro cessing p o w er of m ultiple computers w ould mean that the

criterion is missed.

11.4.1 External Ev en ts

External means ev en ts sen t from the user in terface to the library and vice

v ersa. As the user in terface is lik ely to b e implemen ted in another execution

thread, it imp ossible to predict when an ev en t is send and when it is handled,

so ev en t queues at the listening end m ust b e added.
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Correction of Character

This ev en t o ccurs when the user corrects the recognition of a c haracter from

the user in terface. Since the user is b ound to kno w what he initially inputed,

the ev en t m ust b e heeded b y the structural analysis stage to prev en t it from

o v erriding the user. The c haracter recognition m ust also resp ond to prev en t

o v erriding in case the c haracter should b e pro cessed again, and if the input

giv en b y the user is used for further ANN training.

Ev en t pa yload:

� Character iden ti�cation n um b er.

� Old c haracter.

� New c haracter.

Bitmap Up date

This ev en t is used to notify the library that user has input data in the user

in terface. Should b e passed along to the the feature extraction stage, whic h

is the �rst stage in the recognition pro cess.

Ev en t pa yload:

� Curren t bitmap.

� Lo cation of c hanges hin t.

� T yp e of c hange (new c haracter/c haracter deleted).

Recognised T ext Up date

This ev en t is sen t b y the library to the user in terface to notify the user in ter-

face of the result of the structural analysis stage. While the ev en t is raised

after the structural analysis stage has �nished pro cessing, the pa yload will

carry information created at the other stages, suc h as other lik ely candidates

with probabilities for eac h c haracter in the expression.

Ev en t pa yload:

� T yp eset expression in MathML.

� List of candidates with probabilities for eac h c haracter.

� Bounding b o xes found in the feature extraction stage for eac h c harac-

ters.

� An y issues found in the expression analysis part of structural analysis.
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Restart Recognition

If the user decides to start a new expression or resize the windo w, the user

in terface can raise this ev en t. All library mo dules should handle this ev en t.

Ev en t pa yload:

� Bitmap pixelformat.

� Input windo w's heigh t and width.

11.4.2 In ternal Ev en ts

Lik e the comm unication b et w een the library and user in terface, the comm u-

nication b et w een mo dules in the library is also ev en t based. Most of these

ev en ts are raised when a stage in the �pip eline� in Figure 11.1 is complete.

As all the ev en ts are raised with no regard for whether the receiving stage is

prepared to pro cess it at once or is busy doing something else, ev en t handlers

m ust implemen t queueing so ev en ts will not b e ignored.

Bitmap Up date

After the library has receiv ed the Bitmap Up date ev en t from the user in ter-

face it is passed along to the feature extraction mo dule. Ev en t pa yload:

� Curren t bitmap.

� Lo cation of c hanges hin t.

� T yp e of c hange (new c haracter/erasure).

Character Bo xed

Up on completed feature extraction of a new c haracter, the feature extractor

raises this ev en t, whic h m ust then b e handled b y the c haracter recogniser.

Should the feature extractor determine that the user has added parts

to an existing c haracter, the feature extractor can raise this ev en t with the

up date b o olean set to true to notify the c haracter recogniser of the c hange.

Ev en t pa yload:

� Bitmap with c haracter.

� Iden ti�cation n um b er for c haracter.

� Co ordinates of the b ounding b o x around the c haracter.

� Bo olean up date.
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Character Deleted

Raised when the feature extractor determines that the user has deleted a

c haracter. Handled b y the structural analyser.

Ev en t pa yload:

� Iden ti�cation n um b er of the deleted c haracter.

Character Recognised

When the c haracter recogniser has iden ti�ed a c haracter it raises a c haracter

recognised ev en t, whic h is handled b y the structural analysis mo dule. Should

b e the iden ti�cation n um b er b e kno wn b y the structural analysis mo dule, it

m ust b e treated as an up dated recognition.

Ev en t pa yload:

� Character iden ti�cation n um b er.

� A list of c haracter candidates with probabilities, sorted descending b y

probabilit y .

Structure Analysis Complete

This ev en t is sen t when the structural analyser has completed pro cessing.

The ev en t is handled b y the in ternal part of the library and resen t to the

user in terface.

Ev en t pa yload:

� T yp eset expression in MathML.

� Eac h c haracter in the expression with its iden ti�cation n um b er and a

list of candidates with probabilities for eac h c haracter.

� An indexed list of the co ordinates of the b ounding b o xes found in the

feature extraction stage for eac h c haracters, indexed b y the iden ti�ca-

tion n um b er.

� An y issues found in the expression analysis part of the structural anal-

ysis.

Restart Recognition

If the user decides to start a new expression or resize the windo w, the user

in terface can raise this ev en t. All library mo dules should handle this ev en t.

Ev en t pa yload:

� Bitmap pixelformat.

� Input windo w's heigh t and width.
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Graphical User In terface

The GUI is only an example of ho w the library can b e utilised and should

not b e seen as an in tegrated part of the system, due to our c hoice ab out

putting our end-user usabilit y to unimp ortan t. The GUI is ev en t-driv en in

its comm unication with the underlying la y er. Eac h ev en t, whic h the GUI

uses, is describ ed in Section 11.4.1. Figure 12.1 sho ws ho w the GUI of our

(3+5)=2

Figure 12.1: Example sho wing the GUI separation

program will b e split in t w o main parts. The b ottom part enables the user

to write expressions using a tablet or a similar device. The upp er half of the

windo w is used for the sho wn output. This split is made to a v oid adding

unneeded complexit y to the implemen tation of the GUI. The GUI is ev en t-

driv en and has the follo wing in ternal ev en ts:

� P en do wn: receiv ed when the p en is put on the tablet from the tablet

(or the mouse button is pressed) and indicates when the GUI should

start registering input, if receiv ed inside the b ottom widget

� P en up: receiv ed when the p en is lifted (or the mouse button is re-

leased) and is used to indicate when the GUI should stop registering

input if giv en inside the b ottom widget

A feedbac k system is a v ailable, to allo w the user to comm unicate with the

bac k-end system, through the output widget. This is used to rep ort errors,

when the user disagrees with the decision made b y the bac k-end system. The

feedbac k system consist of a drop-do wn b o x with the alternativ e candidates

for a sym b ol, as sho wn in Figure 12.2. A dditionally , the option to man ually

t yp e in alternativ e candidates, other than those recognised b y the c haracter

recogniser, is o�ered. All these user corrections will b e sen t through using

the correction of c haracter ev en t.

The GUI uses the up date bitmap ev en t b y sending the full bitmap to

the feature extraction. The GUI output will b e receiv ed from the recognised

text up date ev en t. There is no supp ort for resizing of the input widget,
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as this feature w ould add problems in connection with resizing the bitmap

represen tation. A solution to allo w resizing of the input widget could b e to

restart the en tire system, using the restart recognition ev en t, whic h clears

the curren t input and the user will ha v e to start o v er.

The restart recognition ev en t can b e in v ok ed from a button placed ab o e

the t w o primary widgets.

1  3+51 1  3+51
1
(

a) b)

Figure 12.2: a) W rongly recognised input. b) Alternativ e candidates for �rst

sym b ol presen ted in a drop-do wn b o x.

12.1 Summary

The GUI is a reference for dev elop ers, who will use the library to implemen t

c haracter recognition in other programs. The GUI w e ha v e designed will

b e fully functional as a stand-alone application, linking with the recognition

library .
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Chapter 13

T est

In this c hapter, w e will outline tests for some of the op en questions through

out the rep ort. The tests will b e describ ed in suc h a w a y that they are v alid

and replicatable.

The �rst three tests concern ho w to optimise arti�cial neural net w orks,

b y v arying di�eren t parameters.

Next w e ha v e devised a test for c hec king if the heuristic rules de�ned in

Section 10.2.3 are indeed functional, and if there are other usable rules.

After these w e ha v e a test for determining the regions and cen troids for

di�eren t sym b ols, based on their relativ e relation to other input sym b ols.

The �nal t w o tests concern error correction and detection using Mark o v

c hains. The �rst test will determine whether �rst order Mark o v c hains are

applicable. The next test will determine if increasing the order of the Mark o v

c hain impro v es its error handling capabilities.

13.1 Matrix Size and Num b er of Hidden Units

Due to the near real-time demand placed on an online c haracter recognition

system, w e w an t to minimise the size of the input matrix and the n um b er

of hidden units. This test addresses this minimisation task. Both metho ds,

describ ed in Section 4.5 and Section 9.1, should b e to sub jected to the ma-

trix size minimisation. Ho w ev er, only the t w o la y er ANN approac h can b e

sub jected to the minimisation of the n um b er of hidden units, since Shashank

Araok ar's approac h do es not ha v e hidden units in its ANNs. The minimi-

sation should b e stopp ed when the recognition rate b ecomes a�ected, as w e

do not w an t to damage the recognition p erformance of the system.

13.1.1 Hyp othesis

W e exp ect this test to determine that an input matrix with 64x64 en tries is

enough to su�cien tly recognise mathematical expressions. The exp ectation

is based on [Ara05 ] where it is stated that a 32x32 input matrix has b een

found empirically su�cien t for recognition of English handwritten c haracters.

The raise from 32x32 to 64x64 is due to the fact that there are more terminals

in the system's grammar, see T able 10.2, than there are letters in the English

alphab et. With regard to the n um b er of hidden units, w e do not ha v e a

h yp othesis due to the p o or amoun t of o�cial kno wledge on the sub ject. The

blac k b o x nature of ANNs mak es it hard to device a more precise h yp othesis

for a test lik e this one.
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13.1.2 T est Description

The test m ust help us ac hiev e t w o goals without decreasing the recognition

rate:

� Minimisation of the size of the input matrix.

� Minimisation of the n um b er of hidden units.

T o obtain minima, w e will v ary the t w o parameters. The follo wing is required

for the test:

� A h uge amoun t of training examples, i.e. di�eren t handwritten c har-

acters and a sp eci�cation of what they represen t.

� An ANN for eac h test setup, i.e. eac h ANN corresp onds to a sp eci�c

size of input matrix and a sp eci�c n um b er of hidden units. The ANNs

are obtained b y implemen ting Araok ar's approac h and the t w o la y er

ANN approac h.

If the training examples are generated b y test p ersons using the system's

GUI, the input should b e sa v ed prior to feature extraction. Apart from just

easing the test p ersons' lab our, this pro cedure mak es the test v alid, since w e

ha v e to use iden tical training examples for all c hoices of input matrix size

and n um b er of hidden units.

Using the h uge amoun t of training examples, the test is p erformed in this

w a y for the t w o la y er ANN approac h:

� F or i := 8 to 128 in steps of 8 do

� F or j := 1 to x do

1. Scale the training examples to i � i pixels.

2. Build a t w o la y er ANN with i � i inputs, j hidden units, and

x output units as describ ed in Section 9.1.

3. T rain the ANN using the Bac kpropagation algorithm describ ed

in Section 4.3 and the �rst

2
3 of the training examples.

4. Classify the last

1
3 of the training examples using the ANN.

5. Store a record with i , j , the n um b er of correct classi�cations

done in step 4, and the a v erage time p er classi�cation.

Araok ar's approac h is only tested with di�eren t matrix sizes:

� F or i := 8 to 128 in steps of 8 do

1. Scale the training examples to i � i pixels.

2. Initialise an instance of Araok ar's approac h with x w eigh t matri-

ces of the size i � i .
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3. Up date the instance's w eigh t matrices in the w a y describ ed in

Section 4.5 using the �rst

2
3 of the training examples.

4. Classify the last

1
3 of the training examples using the instance's

w eigh t matrices in the w a y describ ed in Section 4.5.

5. Store a record with i , the n um b er of correct classi�cations done

in step 4, and the a v erage time p er classi�cation.

In b oth algorithms, x is the n um b er of input sym b ols system recognises.

13.1.3 Result In terpretation

F or b oth approac hes, w e will consider stored records with a high n um b er

of correct classi�cations. Ho w high will b e a matter for judgemen t in the

actual situation, where w e hop efully ha v e gained greater insigh t. F or the

�nal system w e will c ho ose the records with the lo w est classi�cation times

and the highest recognition rates. The optimal size of the input matrix

and the optimal n um b er of hidden units are no w sp eci�ed as the i -v alue

and the j -v alue in the c hosen records, resp ectiv ely . Of course, the records

generated b y the test of Araok ar's approac h do not ha v e the j -v alue, b ecause

the approac h do es not use hidden units.

13.2 Araok ar's Approac h vs. the T w o La y er ANN

Approac h

Due to the fact that online c haracter recognition m ust recognise c haracters

as fast as p ossible, preferably in near real-time, w e m ust minimise the time

sp en t in ev ery step in our system. The time sp en t in the recognition phase

can b e minimised to some exten t b y c ho osing the fastest recognition approac h

from the ones a v ailable to us. Araok ar's approac h, describ ed in Section 4.5,

and our o wn t w o la y er ANN approac h, describ ed in Section 9.1, are the t w o

candidates.

The aim of this test is to answ er these t w o questions:

� Is our set of mathematical sym b ols recognisable b y Araok ar's approac h,

or do w e need the t w o la y er ANN approac h to recognise them?

� Whic h approac h is the fastest?

13.2.1 Hyp othesis

Our h yp othesis is that the t w o la y er ANN approac h reac hes a b etter recog-

nition rate than Araok ar's approac h, and p erforms classi�cation at least as

fast. Ho w ev er, this h yp othesis is partly a guess and partly a result of con-

sidering t w o facts:
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� The t w o la y er ANN utilised b y our approac h has greater represen ta-

tional p o w er than the single la y er ANN utilised b y Araok ar's approac h,

since it has greater structural complexit y [Mit97 ].

� It is more time consuming to ev aluate the output of a t w o la y er ANN

than the output of a single la y er ANN. Ho w ev er, the score calculation

in Araok ar's approac h m ust also b e considered, making it lik ely that

the time consumptions b y the t w o approac hes are not drastically dif-

feren t. Moreo v er, all ANNs (corresp onding to the w eigh t matrices) in

Araok ar's approac h m ust b e ev aluated when classifying a single input.

Whether the di�erence in recognition rate is great enough to c ho ose one

approac h instead of the other, w e cannot predict. W e migh t end up with

test results that require a thorough discussion b efore a �nal decision can b e

made.

13.2.2 T est Description

The test in Section 13.1 pro vides us with data, whic h answ er the questions

stipulated ab o v e. F or Araok ar's approac h, w e get the size for the input ma-

trix whic h results in the closest to optimal recognition. F or the t w o la y er

ANN approac h, w e get the n um b er of hidden units, in addition, that results

in the closest to optimal recognition. Consequen tly , w e kno w the sp eci�c

parameters that giv e the optimal c haracter recognition using the t w o recog-

nition approac hes. The recognition rates for these close-to-optimal situations

can b e calculated b y dividing the n um b er of correct classi�cations b y the to-

tal n um b er of classi�cations, b oth found in the test description of Section

13.1.

13.2.3 Result In terpretation

Whether Araok ar's approac h or the t w o la y er ANN approac h is the b est

metho d, can b e answ ered directly b y considering the test results from Section

13.1. If no v alue for the size of the input matrix exists for Araok ar's approac h,

whic h enables it to recognise the input sym b ols, w e can conclude that the

approac h is not an option for a �nal system. If b oth approac hes are able

to recognise the input sym b ols, w e c ho ose on the basis of recognition rates.

W e are also able pic k the fastest approac h, since the test in Section 13.1 also

measures the a v erage classi�cation times.

13.3 Di�eren t Handwritings

The goal of this test is to determine ho w Araok ar's approac h of doing c harac-

ter recognition, describ ed in Section 4.5, and our o wn w a y of doing c haracter

recognition, describ ed in Section 9.1, react to the di�eren t handwritings of
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di�eren t users. W e need to kno w this, b ecause it determines whether our

system will b e able to learn sev eral handwritings using a single ANN, or only

learn a single user's handwriting p er ANN. If the latter is the case, the sys-

tem m ust sa v e a set of net w ork w eigh ts for ev ery user and use a login-logout

sc heme to distinguish b et w een users.

The test dep ends on the test in Section 13.1 to get some w orking v alues

for the input matrix size and n um b er of hidden units in the ANN. The

former is used b y b oth recognition approac hes, the latter is only used b y our

approac h that utilises a t w o la y er ANN. Lik e in the previous ANN-tests, w e

will judge according to recognition rates.

13.3.1 Hyp othesis

Since ANNs are kno wn to b e w ell-suited for applications lik e c haracter recog-

nition, our h yp othesis is that b oth approac hes will cop e w ell with sev eral

users' handwriting. This h yp othesis is also strengthened b y the fact that

most p eople usually put some e�ort in to writing, esp ecially the Greek let-

ters, v ery readable when writing mathematical expressions. Again, a great

amoun t of guessw ork has con tributed to our h yp othesis.

13.3.2 T est Description

Implemen tations of the t w o approac hes with the data settings from the pre-

vious test, and a large amoun t of data with mathematical expressions to

b e used as training data for the ANNs. The training data is split up in a

training part and a testing part. Both parts should ha v e data for sev eral

p ersons' handwriting.

The training part of the data is the same part for b oth implemen tations.

The testing part of the training data is run through the t w o metho ds to train

the ANNs.

13.3.3 Result In terpretation

The test examines whether it is p ossible to learn sev eral di�eren t handwrit-

ings using the t w o approac hes with no mo di�cations. If it is p ossible using

b oth approac hes, w e do not ha v e to add a login-logout sc heme and storage

of user-sp eci�c net w ork w eigh ts to our design. If b oth approac hes do not

succeed, w e ha v e to try a new �m ulti user design�. A t this p oin t, w e kno w

whether the single user design w orks, since the tests describ ed in Section

13.1 and 13.2 ha v e b een conducted and concluded on. If only one of the

approac hes is able to cop e with sev eral handwritings, it migh t in�uence our

�nal c hoice of recognition approac h. Nonetheless, the succeeding approac h

has a b etter c hance of ending up in the �nal system.
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13.4 Extra Grammar T erminals

The aim of this test is to iden tify sub expressions whic h are commonly mis-

recognised, so heuristic error correction rules can b e sp eci�ed for them. This

is imp ortan t, as the rules w e ha v e sp eci�ed in Section 10.2.3 are only in tu-

itiv e and ha v e no ro ots in realit y . By p erforming this test w e will get some

certain t y ab out whether the in tuitiv e rules w ork, and if there are other rules

whic h are not already part of our metho d.

This test will require some test data in the form of common handwrit-

ten mathematical sub expression. These will b e run through a handwriting

recogniser, and the result compared with the input. The di�eren t misrecog-

nised forms of eac h expression are coun ted. This will giv e us a frequency

of ho w often a sp eci�c misrecognition o ccurs. T o construct go o d heuristic

rules from the test result, simply �nd the most o ccurring misrecognitions

and construct rules from these.

13.4.1 Hyp othesis

W e exp ect that this test will v erify most of our c hosen heuristic rules, and

supply us with new ones.

13.4.2 T est Description

First the test data is set up, b y collecting a large n um b er of handwritten sam-

ples of the common expressions whic h are to b e searc hed for heuristic rules.

These sample expression are then run through a handwriting recogniser and

the output is lab elled with the original expression.

13.4.3 Result In terpretation

All unique misrecognistions are iden ti�ed, and the n um b er of eac h coun ted.

This yields ho w man y of a particular misrecognition there are from the total

n um b er of misrecognisation, and should giv e a go o d p erformance measure.

The misrecognitions with a frequency o v er a c hosen threshold are then turned

in to rules on the form misrecognition ! correct recognition , as those seen in

T able 10.1.

13.5 Cen troid and Threshold V alues in the Struc-

tural P arser

T o mak e the t yp esetting p erformed b y the structural analyser as e�cien t

as p ossible, the p ositions of the cen troid, and the size and lo cation of the

image regions for eac h sym b ol, m ust b e found. These v alues are found b y
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a test, and the results from the test are used to de�ne the form ulae and

cen troid/threshold v alues men tioned in Section 10.2.2.

The data is collected b y a n um b er of test sub jects that are ask ed to

write a certain c haracter, and then write other sym b ols in areas around this

c haracter (e.g. ab o v e, b elo w, sup erscripted, subscripted and next to). The

results from this test should giv e a picture on ho w c haracters and sym b ols

around them are generally written. F urther more, the results are c hec k ed b y

collecting a second dataset, to test the found v alues with.

13.5.1 Hyp othesis

The exp ected outcome of this test is hard to predict, as it is a classi�cation

test. The problem is to classify eac h sym b ol according to its regions and

cen troid. Naturally , the result will b e a complete classi�cation of all the

input sym b ols, but ho w this classi�cation will b e is unkno wn in adv ance.

13.5.2 T est Description

F or this test some training data is required. This training data consists

of a n um b er of short handwritten mathematical expressions in image form.

These m ust represen t an a v erage distribution of mathematical expressions.

F or eac h sym b ol image regions and cen troids are de�ned. The image re-

gions are represen ted as rectangular squares around eac h sym b ol. First the

cen troid p osition is found b y analysing sym b ols written next to eac h other.

When the sym b ols are written in this pattern, they should b e arranged so

that their cen troids are on the same horizon tal line. The cen troid is deter-

mined, b y �nding the a v erage p osition of a c haracter in the v ertical plane,

in relation to other sym b ols. In Figure 13.1 a b o x is dra wn around the c har-

acters, to giv e a b etter picture of a c haracters p osition. When the di�erence

from the b ounding b o xes are remo v ed, the cen troid is placed directly in the

cen tre. It is no w kno wn where the cen troid for eac h sym b ol should b e placed,

giv en the size and p osition of the b ounding b o x.

y b
Figure 13.1: Ho w the cen troid lo cation for eac h sym b ol is found. The blac k

dot is the cen troid.

When all cen troids ha v e b een determined, they are used to �nd the image

regions around all the sym b ols. Eac h sym b ol is reduced to its cen troid and

plotted in an xy -plane, with the cen troids of other sym b ols placed around it.

The regions are de�ned b y dra wing a rectangular b o x around the collection of

cen troids b elonging to a sp eci�c region, see Figure 13.2. The b o xes m ust not

o v erlap eac h other, and if they do, they are resized b y remo ving cen troids. If
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there are gabs b et w een regions they are expanded so the gabs are remo v ed. If

some sym b ols ha v e v ery similar regions, the sym b ols are classi�ed as ha ving

the same regions and, therefore, in the same sym b ol class. No w the size

and lo cation, for eac h region of a sym b ol can b e de�ned, giv en the size and

p osition of the b ounding b o x for that sym b ol.

1 2

3

45

Figure 13.2: Ho w image regions around a sym b ol are found. The blac k dot

is the cen troid of the test sym b ol, and hollo w dots are cen troids of sym b ols

written around. There are n umerous hollo w dots in eac h region b ecause

m ultiple test sets are used. 1: is the ABO VE region. 2: is the SUPER

region. 3: is the NEXTTO region. This region is not used in the system and

is merely there to k eep the other regions from expanding in to an area they

do not b elong. 4: is the SUBSCRIPT region. 5: is the BELO W region.

13.5.3 Result In terpretation

When all image regions ha v e b een de�ned, the second data set is used to

test if sym b ols are correctly placed in their corresp onding regions. Then all

cen troids and thresholds for eac h sym b ol in the system are de�ned.

13.6 First Order Mark o v Chains

The aim of this test is to determine whether a hidden Mark o v mo del, of the

�rst order, captures su�cien t con text of a string represen tiion of a mathe-

matical expression. If this is the case, the mo del could b e used to correct

information lost in the c haracter recognition pro cess. If this is not the case

the metho d will b e un usable for our purp ose. The test is straigh t forw ard �

w e need a n um b er of mathematical expressions. These will b e separated in

to training and testing data.

The training data will b e used for gathering the needed probabilit y ta-

bles: P(T0) and P(Ti jTi � 1); i � 1, where T0; :::; Tn are the sym b ols in the

expression. The last probabilit y table needed is P(Rj jTj ); j � 0, where

R0; :::; Rn are the sym b ols recognised b y an arti�cial neural net w ork. The

last table represen ts ho w often the neural net w ork misrecognises a c haracter.
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This table cannot b e generated from the training data, but should instead

represen t ho w an actual neural net w ork w orks.

The test data will b e injected with random but plausible errors. An

error is a c haracter in a string from the test data, whic h is substituted with

another. The randomness is in the fact that the substitution c haracter is

c hosen randomly from a set of di�eren t c haracters. The plausible part is

that this set of di�eren t c haracters m ust b e made up of c haracters whic h the

neural net w ork, mo delled b y the table P(Rj jTj ); j � 0, can mistak e for the

original. The n um b er of errors injected in to a string should b e a random

n um b er b et w een the maxim um and minim um exp ected errors p er expression

in real life examples.

13.6.1 Hyp othesis

W e do not b eliev e that �rst order Mark o v c hains can actually capture the

complex dep endencies of a mathematical expression. This is b ecause the

structure in a serial connection only mo dels the dep endency of a c haracter

on its immediate predecessor.

13.6.2 T est Description

Before the test can b e carried out some training and test data m ust b e gen-

erated. This comes from a �xed n um b er of correct mathematical expression,

whic h are linearised from a tree lik e that created after the lexical pass in

DRA CULAE, see Chapter 5. The linearisation simply consists of doing an

in-order tree w alk and construct the Mark o v c hain sequen tially . This is nec-

essary as a Mark o v c hain is a linear structure, and this is not necessarily

true for a mathematical expression. Ev ery third expression is lab elled test

data and the rest is lab elled training data.

The training data is then used to create the t w o probabilit y tables, P(T0)
and P(Ti jTi � 1) , directly from the statistical relations.

Next step is to induce errors in to the test data. This is done b y taking

eac h c hain in the test data and making a cop y , whic h will then b e applied

with a random n um b er of errors. The errors are induced as explained ab o v e.

This results in a test data set with and without errors.

The �nal thing needed b efore running the test is the probabilit y table

P(Rj jTj ); j � 0. This table is deduced from the tests in Section 13.1, Section

13.2 and Section 13.3. It has data of ho w often the neural net w ork mistak es

one c haracter for another.

These are all the quan tities needed to run the test.

The test is quite simple:

� Construct a hidden Mark o v mo del from one of the linearised mathe-

matical expressions in the test set with induced errors.
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� Calculate P(T0; :::; Tn jR0; ::::; Rn ) , using the three supplied probabilit y

tables.

� Compare the expression with the test data set without errors.

The n um b er of errors whic h ha v e b een corrected as w ell as the errors

not corrected are noted. This metho d can also in tro duce new errors, since

w e ha v e no w a y of determining if the receiv ed expression is correct, so the

n um b er of new errors in tro duced m ust also b e noted. This is rep eated for all

the expressions in the test data set. The n um b er of corrected, uncorrected,

and new errors are summed up for ev ery expression in the test data.

This metho d should mak e the test repro ducible as long as the training

and data sets are su�cien tly large. They m ust represen t a broad selection

of mathematical expressions, otherwise the result can b ecome biased.

13.6.3 Result In terpretation

The resulting data is ho w man y single c haracter errors the metho d corrects,

ho w man y it misses, and ho w man y new it in tro duces. The �rst question

to answ er is whether the metho d induces more errors than it corrects. This

is simply done b y c hec king if the n um b er of new errors is greater than the

n um b er of errors corrected. If this is the case, the metho d can b e discarded,

b ecause it is useless. Otherwise this can answ er our h yp othesis, as this

metho d is not computational hea vy , it will still b e usable ev en if it only

corrects a small p ercen tage of errors. The actual p ercen tage of errors cor-

rected can b e calculated b y taking new errors in to accoun t. This giv es us a

p erformance measure, whic h can b e calculated as follo ws:

corrected errors

corrected errors + uncorrected errors + new errors

13.7 N-order Mark o v c hain

In Section 13.6, a test w as devised to v erify whether �rst order Mark o v c hains

are able to �nd and correct errors in a mathematical expression. This section

will describ e a test, whic h examines whether it w ould b e more appropriate to

use a higher order Mark o v c hain, and whic h order that is lik ely to catc h the

most errors. This result will sho w us ho w to mak e b etter error correction,

as �rst order Mark o v mo dels migh t lac k the expression p o w er for handling

errors based on the sym b ols' relations. The order of the Mark o v c hain migh t

also b e to o high, as unrelated sym b ols a�ect eac h other. In order to p erform

this test, statistical information m ust b e gathered to �ll the follo wing tables:

� P(T0) is the probabilit y of whic h sym b ol is most lik ely to start an

expression.
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� P(Ri jTi ) , i = 0 :::n , n is the n um b er of v ariables. This probabilit y table

sho ws ho w often sym b ols are misrecognised in the matc hing phase.

� P(Ti jTi � 1) , i = 1 :::n , n is the n um b er of v ariables. These tables con tain

statistics of ho w often sym b ols are written after eac h other.

W e need some test data, whic h con tains lab elled errors as describ ed in

Section 13.6, also the length of the expressions m ust b e greater than the

order of the Mark o v c hain.

13.7.1 Hyp othesis

Mark o v c hains of either second or third order are exp ected to p erform b est.

This is based on the assumption that, when dealing with �rst order Mark o v

c hains and an error sta ys uncorrected, this error will a�ect the successiv e

sym b ols in the serial connection. This can p ossibly result in one error leading

to a n um b er of errors. W e also b eliev e that when using Mark o v c hains of

fourth or higher order, to o man y unrelated sym b ols a�ect the probabilit y

calculations for eac h sym b ol, and therefore are lik ely to result in an incorrect

classi�cation of a sym b ol.

13.7.2 T est Description

This test is somewhat similar to test in Section 13.6. What w e are in terested

in �nding in this test is the table P(T0; :::; Tx jR0; :::; Rx ) , where x is the

n um b er of v ariables. This table is calculated for ev ery n -order Mark o v c hain,

and can b e done with basic probabilit y calculus. This test has same three

steps as the test for �rst order Mark o v c hains, and it has same ob jectiv e �

coun ting the n um b er of error corrected, uncorrected errors, and new errors.

It only di�ers in the w a y the join t probabilit y table P(U) is calculated, see

Section 6.4.2 for calculations.

13.7.3 Result In terpretation

F or ev ery n -order Mark o v c hain, the p erformance measure can b e calculated

b y using the form ula in Section 13.6.3. The p erfomance measure is compared

b et w een di�eren t order Mark o v c hains. This allo ws us to �nd the b est order

c hain for our purp ose. Assuming that the order of the Mark o v c hains a�ects

the running time to a high exten t, w e will not test ab o v e the �fth order.
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Chapter 14

Conclusion

The aim of this pro ject has b een to analyse approac hes to c haracter recogni-

tion of mathematical expressions and design a system with this functionalit y .

The main topics w ere:

� What kind of input do es a system for recognising mathematical ex-

pressions tak e?

� Ho w can sym b ols in a mathematical expression b e recognised?

� Ho w are mathematical expressions analysed for the structural infor-

mation?

� Ho w can the system detect and correct wrongly iden ti�ed sym b ols from

the recognised expression?

� Ho w can a system for recognising mathematical expressions b e built in

mo dular and reusable w a y?

A c haracter recognition system tak es input in the form of a bitmap rep-

resen ting a set of strok es. This represen tation is the result of a feature

extraction phase, whic h iden ti�es whic h strok es that are part of whic h c har-

acters. These bitmaps are scaled do wn b y a prepro cessing phase and further

on fed to a c haracter recogniser.

T o recognise a mathematical sym b ol, it m ust �rst b e extracted as men-

tioned ab o v e. The recognition can b e conducted in sev eral w a ys, but w e

c hose to fo cus on arti�cial neural net w orks. Using ANNs is a w ell-pro v en

metho d for c haracter recognition of letters from short alphab ets, suc h as

the English, ho w ev er, mathematical expressions are ric her in sym b ols. In

our study of ANNs w e ha v e learned that neural net w orks scale w ell from

b o olean logic to steering a car, so the added complexit y due to a larger

c haracter set should not p ose a problem.

As the main fo cus of this semester has b een decision supp ort systems

and mac hine learning, and therefore do es not co v er structural analysis is,

w e c hose to describ e a metho d, whic h is kno wn to w ork, to get from sin-

gle sym b ols to a mathematical expression. F or the next phase, whic h is

error detection and correction, this structural information is necessary . The

structural information is obtained b y analysing the relativ e p osition of eac h

sym b ol.

Error detection and correction of mathematical expressions is an exciting

area with ongoing researc h. W e ha v e examined �v e metho ds, where three

are based on Ba y esian net w orks. The metho ds based on Ba y esian net w orks
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use statistical information to capture the relations b et w een sym b ols and use

this information to correct errors. Due to time constrain ts, w e did not tak e

these metho ds b ey ond theoretical descriptions, but w e ha v e devised tests

for determining their usabilit y . The other t w o metho ds are not based on

statistical mo dels, instead they rely on substitution of kno wn erroneous sub-

expressions with correct ones. The �rst metho d fails immediately , as it is

based on using dictionaries, and since there is no dictionary of mathematical

expressions, it is useless. The metho d w e c hose uses heuristic rules, whic h

describ e common misrecognised sub-expressions with correct ones. These

rules are partly based on in tuition, and a test has b een devised in order to

v erify the existing rules and to �nd new ones.

T o mak e a reusable design, w e ha v e created a library for recognising

mathematical expressions. This allo ws dev elop ers to add c haracter recog-

nition capabilities to their o wn programs easily b y using our library . This

w ould not ha v e b een p ossible with a monolithic system design. In ternally ,

the library is also designed mo dularly , whic h enables dev elop ers to c hange a

single phase, in the expression recognition pro cess seen in Figure 3.1, without

c hanging the others.

W e ha v e conducted preliminary researc h in the large �eld of mathemati-

cal expression recognition. This has led to the �rst draft of a system design

for mathematical expression recognition. There are still op en questions,

whic h ha v e b een left for future w ork.

14.1 F uture W ork

W e did not ha v e the time necessary to do an actual implemen tation of the

system, so it w ould b e in teresting to mak e an implemen tation and carry out

the tests in the test c hapter. The rest of this section will b e dev oted to ideas

and suggestions for c hanges, whic h can p ossibly mak e the matc hing pro cess

and error handling p erform b etter.

Among other things, the test section of this rep ort deals with �nding

an optimal size of the input matrix and a n um b er of hidden units, whic h

ha v e pro v en to p erform w ell. A dditionally , w e could ha v e v aried other ANN

parameters suc h as start w eigh ts and ho w the neural net w ork is wired.

In the analysis w e describ ed a metho d, whic h parses a sen tence from a

natural language according to its dep endencies. This mak es it p ossible to

use Mark o v mo dels in a w a y , suc h that only v ariables with an actual relation

a�ect eac h other. It w ould b e in teresting to see if this metho d applies equally

w ell to mathematical expression as natural language.

W e b eliev e that a w orking mathematical expression recognition system is

not just a solution lo oking for a problem, but has sev eral real life applications

from basic t yp esetting of notes made on a p en based computer, digitising

of old pap ers to electronic blac kb oard supp ort, and a p en-enabled computer
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algebra system.
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App endix A

T ree T ransformations

The t w o follo wing sections con tain all the tree transformations whic h ha v e

b een designed for the lexical and expression analysis phases. They are or-

dered so the rules whic h �rst app ear, should b e the ones to b e applied �rst.

An exception are the error correction rules whic h, ideally , should b e placed

in the middle of the ordinary lexical rules.

A.1 Lexical Analysis Rules

The lexical tree transformations.

+ ! ADD

Figure A.1: Replacemen t of the + sym b ol to the ADD tok en.

� ! SUB

Figure A.2: Replacemen t of the � sym b ol to the SUB tok en.

� ! MUL

Figure A.3: Replacemen t of the � sym b ol to the MUL tok en.

= ! DIV

Figure A.4: Replacemen t of the = sym b ol to the DIV tok en.
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[Sym b ol]

BELO W

� � HH
ABO VE

:::

:::

! � �� HHH

ABO VE

� �� HHH

[Sym b ol] :::

:::

Figure A.5: Handling of a sp ecial case of the fraction line, where the la y out

pass has not built the BST in a satisfactory w a y . �...� represen ts an arbitrary

list of Sym b ols and T ok en no des, and [Sym b ol] represen t an y tok en no de with

a sym b ol name.

[Sym b ol]

ABO VE

� � HH
::: BELO W

:::

! � � ��
HHHH

::: BELO W

� �� HHH

[Sym b ol] :::

Figure A.6: The second sp ecial case of the fraction line.

� � ��
HHHH

ABO VE

[BaselineA]

BELO W

[BaselineB]

!
FRA CTION

� � � �
HHHH

{[BaselineA]} {[BaselineB]}

Figure A.7: F raction line transformation. [Baseline] represen ts a list of sym-

b ols.
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ABO VE/BELO W ! EQU

Figure A.8: T ransformation to the equal sym b ol. The equal sym b ol is a

fraction line with another fraction line lo cated ab o v e or b elo w.

[Region]

� � HH
s i n

! [Region]

SIN

Figure A.9: The comp ound transformation rule for sin .

[Region]

� � HH
c o s

! [Region]

COS

Figure A.10: Lik e the one ab o v e, the no des named c, o and s are deleted and

replaced with a single no de named COS.

[Region]

� � HH
t a n

! [Region]

T AN

Figure A.11: The no des named t, a and n are deleted and replaced with a

single no de named T AN.
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[Region]

� � � ��

HHHHH

::: [Sym b ol]

SUPER

[Baseline]

::: !
[Region]

� � � � �

HHHHH

::: EXP

� � ��
HHHH

[Sym b ol] {[Baseline]}

:::

Figure A.12: The SUPER to EXP transformation, new sym b ols are added

so later it is easy to b oth transform in to MathML and build the expression

tree. [Region] indicates an y tok en no de with a region name.

[Region]

� � � � �

HHHHH

::: [Sym b ol]

SUBSCRIPT

[Baseline]

::: !
[Region]

� � � � �

HHHHH

::: SUBSCRIPT

� � ��
HHHH

[Sym b ol] {[Baseline]}

:::

Figure A.13: The SUBSCRIPT to SUBSCRIPT transformation. The no des

are rearranged.
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0:::9 ! 0:::9

Figure A.14: Replacemen t of the sym b ols 0-9 to the appropriate tok ens.

a...z ! a...z

Figure A.15: Replacemen t of the sym b ols a-z to the appropriate tok ens.

A...Z ! A...Z

Figure A.16: Replacemen t of the sym b ols A-Z to the appropriate tok ens.

�:::! ! � ... !

Figure A.17: Replacemen t of the sym b ols � - ! to the appropriate tok ens.

� ... 
 ! � ... 


Figure A.18: Replacemen t of the sym b ols � - 
 to the appropriate to-

k ens.Excluding the upp er case Greek letters that are the same as upp er

case normal letters

[Region]

� � HH
( ::: )

! [Region]

� � HH
( ::: )

Figure A.19: Con v ersion of left and righ t brac k et sym b ols to tok ens.

A.2 Lexical Analysis Error Correction Rules

The error correction rules in the lexical analysis phase. These rules should

b e applied b efore the 0:::9, a...z, etc. rules in the lexical phase in order to

reduce necessary transformations.
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[Region]

� � � �
�� @@ PPPP

5 i n (

! [Region]

�� HH
SIN (

Figure A.20: Error correction for SIN.

[Region]

� � � �
�� @@ PPPP

s 1 n (

! [Region]

�� HH
SIN (

Figure A.21: Error correction for SIN.

[Region]

� � � �
�� @@ PPPP

c 0 s (

! [Region]

�� HH
COS (

Figure A.22: Error correction for COS.

[Region]

� � � �
�� @@ PPPP

c o 5 (

! [Region]

�� HH
COS (

Figure A.23: Error correction for COS.

[Region]

� � � �
�� @@ PPPP

c 0 5 (

! [Region]

�� HH
COS (

Figure A.24: Error correction for COS.

[Region]

� � � �
�� @@ PPPP

+ a n (

! [Region]

�� HH
T AN (

Figure A.25: Error correction for T AN.

[Region]

� � � �
�� @@ PPPP

t a h (

! [Region]

�� HH
T AN (

Figure A.26: Error correction for T AN.
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[Region]

� �� HHH

C ::: )
! [Region]

� � HH
( ::: )

Figure A.27: P aren thesis correction, w orks just as paren thesis matc hing in

the grammar, except the letter C is c hanged to ( .

[Region]

� � � � �

HHHHH

::: [Sym b ol]

SUBSCRIPT

)

::: !
[Region]

� � � � � �

HHHHHH

::: SUBSCRIPT

� � HH
[Sym b ol] 1

:::

Figure A.28: Subscript correction, brac k ets are rarely used in subscripts.

[Region]

�� HH
::: )

! [Region]

�� HH
::: !

Figure A.29: If a single righ t brac k et is found, and no other transformation

rules apply , select the next sym b ol from the c haracter list.
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A.3 Expression Analysis Rules

The tree transformations applied b efore the expression analysis phase.

[Sym b ol] SUBSCRIPT f :::g ! [Sym b ol] :::

Figure A.30: Remo v al of the subscript tok en, whic h is not needed in the

expression analysis. Must b e applied b efore the transformation in �gure

A.31

f ! (

Figure A.31: replacemen t of f sym b ol to the ( sym b ol

g ! )

Figure A.32: replacemen t of g sym b ol to the ) sym b ol

FRA CTION ! DIV

Figure A.33: replacemen t of the FRA CTION tok en to the DIV tok en
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Implemen tation

The sample Graphical User In terface implemen tation w as b egun but nev er

�nished due to time constrain ts. It is written in C, partly b ecause it is a

language kno wn b y ev ery one in the group, but mostly b ecause the recognition

library w ould b e implemen ted in C, as most curren t applications are written

in it or can b e link ed with C libraries.

T o ease the construction of an actual user in terface, an in terface builder

called Glade [Pro ] w as used. Glade pro duces a �le with an XML based

user in terface description. This XML �le can then b e read up on application

start up b y libglade, whic h will translate the description to GTK+ [T ea ]

calls. While this means a sligh t increase in application start up time, it is

insigni�can t in to da y's w orld of 2 GHz pro cessors.

T o displa y the recognised expression, the in tension w as to use a widget

not included in the default GTK+ distribution called GtkMath View [P ad ],

whic h renders MathML in a GTK+ widget.

While the program w as dev elop ed on a Debian GNU/Lin ux platform, it

should b e relativ ely trivial to mo v e to another platform, suc h as Microsoft

r


Windo ws

TM

, as all the libraries used (GLIB [T ea ], GTK+, libglade, Gtk-

Math View) w ork on all ma jor platforms and platform sp eci�c co de has b een

a v oided as m uc h as p ossible.
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Chapter B: Implemen tation

Figure B.1: The GUI windo w.
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